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Abstract 

We prove global stability results of DiPerna-Lions renormalized solutions for the initial 
boundary value problem associated to some kinetic equations, from which existence results 
classically follow. The (possibly nonlinear) boundary conditions are completely or partially 
diffuse, which includes the so-called Maxwell boundary conditions, and we prove that it is 
realized (it is not only a boundary inequality condition as it has been established in previous 
works). We are able to deal with Boltzmann, Vlasov-Poisson and Fokker-Planck type models. 
The proofs use some trace theorems of the kind previously introduced by the author for the 
Vlasov equations, new results concerning weak-weak convergence (the renormalized conver- 
gence and the biting L^-weak convergence), as well as the Darrozes-Guiraud information in a 
crucial way. 



Equations cinetiques avec conditions aux limites de MELXwell 

Resume - Nous montrons la stabilite des solutions renormalisees au sens de DiPerna-Lions pour 
des equations cinetiques avec conditions initiale et aux limites. La condition aux limites (qui peut 
etre non lineaire) est partiellement diffuse et est realisee (c'est-a-dire qu'elle n'est pas relaxee). 
Les techniques que nous introduisont sont illustrees sur I'equation de Fokker-Planck-Boltzmann 
et le systeme de Vlasov-Poisson-Fokker-Planck ainsi que pour des conditions aux limites lineaires 
sur I'equation de Boltzmann et le systeme de Vlasov-Poisson. Les demonstrations utilisent des 
theoremes de trace du type de ceux introduits par I'auteur pour les equations de Vlasov, des 
resultats d'Analyse Fonctionnelle sur les convergences faible-faible (la convergence renormalisee 
et la convergence au sens du biting Lemma), ainsi que I'information de Darroes-Guiraud d'une 
maniere essentielle. 
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1 Introduction and main results 



Let Q be an open and bounded subset of M and set O = 17 x R" . We consider a gas confined in 
ncR'^. The state of the gas is given by the distribution function / = f(t,x,v) > of particles, 
which at time t > and at position a; G fi, move with the velocity v G R^. The evolution of / is 
governed by a kinetic equation written in the domain (0, oo) x O and it is complemented with a 
boundary condition that we describe now. 

We assume that the boundary dft is sufhciently smooth. The regularity that we need is that 
there exists a vector field n G W'^'°°{il; M^) such that n{x) coincides with the outward unit normal 
vector a.t X € dil. We then define := {v G M^; ± v ■ n{x) > 0} the sets of outgoing (Si^) and 
incoming (E^) velocities at point x e dV. as well as S = dfl x and 

S± = {(x, v) e S; ±n{x) ■ v > 0} ^ {{x,v); x e dn, v e 

We also denote by da^ the Lebesgue surface measure on dV, and by dXk the measure on (0, oo) x E 
defined by dXk = \n{x) ■ wj'^ dtdaxdv, = 1 or 2. 

The boundary condition takes into account how the particles are reflected by the wall and thus 
takes the form of a balance between the values of the trace 7/ of / on the outgoing and incoming 
velocities subsets of the boundary: 

(1.1) (7_/)(t,.T,«) =7^,(7+/(^,x,.))(^;) on (0,oo)xE_, 

where 7±/ :— l(o.oo)xs± if - The reflection operator is time independent, local in position but can 
be local or nonlocal in the velocity variable. In order to describe the interaction between particles 
and wall by the mean of the reflection operator TZ, J. C. Maxwell [54] proposed in 1879 the 
following phenomenological law by splitting the reflection operator into a local reflection operator 
and a diffuse (also denominated as Maxwell) reflection operator (which is nonlocal in the velocity 
variable) : 

(1.2) n={l- a)L + aD. 

Here a € (0, 1] is a constant, called the accommodation coefficient. The local reflection operator L 
is defined by 

(L, cp) {v) = (b{R^v), 

with Rx V — —V (inverse refiection) or v — v ~2{v ■ n{x)) n{x) (specular reflection). The diffuse 
reflection operator D = {Dx)x^dQ. according to the Maxwellian profile M with temperature (of the 
wall) > is defined at the boundary point x £ dfl for any measurable function (f> on by 
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where the normalized Maxwehian M is 

(1.3) M(w) = (27r)^ e-T^, 
and the out-coming flux of mass of particles (j}{x) is 

(1.4) 4>{x)= I ^{v')v' ■n{x)dv' = [ ^d^i^. 

Jv'-n(x)>0 

It is worth emphasizing that the normalization condition (|1.3p is made in order that the measure 
d^xiv) := M(v) \n{x) ■ v\ dv is a probability measure on for any x G dfl. Moreover, for any 
measurable function (j> on there holds 

(1.5) / TZx<l> \n'{x) ■ v\ dv = / Lx(f>\n{x) ■ v\dv = / Dx4>\n{x) ■ v\ dv ~ / (j>n{x)-vdv, 



jt,^_ Jt.^ jt.^ jt,^ 

which means that all the particles which reach the boundary are reflected (no particle goes out of 
the domain nor enters in the domain). 

The reflection law (11.21) was the only model for the gas/surface interaction that appeared in the 
literature before the late 1960s. In order to describe with more accuracy the interaction between 
molecules and wall, other models have been proposed in , [27] , [5T] where the reflection operator 
7?. is a general integral operator satisfying the so-called non-negative, normalization and reciprocity 
conditions, see [30] and Remark 16.41 We do not know whether our analysis can be adapted to such 
a general kernel. However, the boundary condition can be generalized in an other direction, see 
[31] ■ [12j . and we will sometimes assume that the following nonlinear boundary condition holds 

(1.6) 'Rcj)^{l-a)Lcj) + aD(l), & = a{^), 

where a : M-|- — > M+ is a continuous function which satisfies < a < oi{s) < 1 for any s G M+. 
In the domain, the evolution of / is governed by a kinetic equation 

Of 

(1.7) -^+v\/xf ^I{f) in (0,(^)xO, 

where I(/) models the interactions of particles each one with each other and with the environment. 
Typically, it may be a combination of the quadratic Boltzmann collision operator (describing the 
collision interactions of particles by binary elastic shocks) , the Vlasov-Poisson operator (describing 
the fact that particles interact by the way of the two-body long range Coulomb force) or the 
Fokker-Planck operator (which takes into account the fact that particles are submitted to a heat 
bath). More precisely, for the nonlinear boundary condition (|1.6p we are able to deal with Fokker- 
Planck type equations, in particular the Fokker-Planck-Boltzmann equation (FPB in short) and 
the Vlasov-Poisson- Fokker-Planck system (VPFP in short), while for a constant accommodation 
coefficient we are able to deal with Vlasov type equations such as the Boltzmann equation and the 
Vlasov-Poisson system (VP in short). We refer to section [6] where these models are presented. It 
is worth mentioning that the method presented in this paper seems to fail for the Vlasov-Maxwell 
system. 

Finally, we complement these equations with a given initial condition 

(1.8) /(0,.) = /„. >0 onO, 

which satisfies the natural physical bounds of finite mass, energy and entropy 

(1.9) JJ^ hn (1 + It'P + I log hn\) dxdv =: Co < (X). 

We begin with a general existence result that we state deliberately in an imprecise way and we 
refer to section [6] (and Theorem 16. 2p for a more precise statement. 
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Theorem 1.1 Consider the initial boundary value problem hl.l\) - ^T7^ - ^.^^) associated to the FPB 
equation or the VPFP system with possibly mass flux depending accommodation coefflcient lll.6\) or 
the boundary value problem associated to the Boltzmann equation or the VP system with constant 
accommodation coefflcient For any non-negative initial datum fin with finite mass, energy 

and entropy ( il.9jl holds) there exists at least one (renormalized) solution f £ C ([0, oo); L^{0)) 
with finite mass, energy and entropy to the kinetic equation Jj.Tp associated to the initial datum 
fin and such that the trace function 7/ fulfills the boundary condition 

The Boltzmann equation and the FPB equation for initial data satisfying the natural bound 
(|1.9p was first studied by R. DiPerna and P.-L. Lions [351 [371 [35] '^ho proved stability and existence 
results for global renormalized solutions in the case of the whole space (Jl = K^). Afterwards, 
the corresponding boundary value problem with reflection boundary conditions (jl.ip and constant 
accommodation coefficient has been extensively studied in the case of the Boltzmann model [47] , [4] , 
[5], [6], [7], [28], [43], [l^, [29], [56]. It has been proved, in the partial absorption case ■y_f — 9TZ"f^f 
with 9 G [0, 1) and in the completely local reflection case (i.e. (|l.ip holds with a = 0), that there 
exists a global renormalized solution. But in the most interesting physical case (when 0=1 and 
a S (0, 1]), it has only been proved in [6j that the following boundary inequality condition 

(1.10) 7-/ > 7^(7+/) on (0, (^) X I]_ 

holds, instead of the boundary equality condition (jl.ip . However, it is worth mentioning that if 
the renormalized solution built in [6 is in fact a solution to the Boltzmann equation in the sense of 
distributions, then that solution satisfies the boundary equality condition (|l.ip (a result that one 
deduces thanks to the Green formula by gathering the fact that the solution is mass preserving 
and the fact that the solution already satisfies the boundary inequality condition ()1.10p ). Also, 
the Boltzmann equation with nonlinear boundary conditions has been treated in the setting of a 
strong but non global solution framework in [44^. 

With regard to existence results for the initial value problem for the VPFP system set in the 
whole space, we refer to [M], [H], [l6], [E], [22], [23, [^, [59], [66], [24], [SI] as well as [20] for 
physical motivations. The initial boundary value problem has been addressed in [T3], [H]. We 
also refer to [3], [11], [46], [58], [68] for the initial boundary value problem for the VP system 
and to |58) for the corresponding stationary problem. We emphasize that in all these works only 
local reflection or prescribed incoming data are treated, and to our knowledge, there is no result 
concerning the diffuse boundary condition for the VP system or for the VPFP system. 

We also mention that there is a great deal of information for the boundary value problem in 
an abstract setting in [67], [45] with possibly nonlinear boundary conditions [10], [57] . 

In short, the present work improves the already known existence results for kinetic equations 
with diffusive boundary reflection into three directions. 

• On the one hand, we prove that (11.11) is fulfilled, while only the boundary inequality condition 
(|1.10|) was previously established. 

• On the other hand, we are able to consider a large class of kinetic models (including Vlasov- 
Poisson term) while only the Boltzmann equation (or linear equations) could be handled with 
earlier techniques. 

• Finally, we are able to handle some nonlinear boundary condition in the case of Fokker-Planck 
type equation. 

We do not present the proof of Theorem 11.11 fnor the proof of its accurate version Theorem l6.2p 
because it classically follows from a sequential stability or sequential compactness result that we 
present below and a standard (but tedious) approximation procedure, see for instance |56j or the 
above quoted references. We deliberately state again the sequential stability result in an imprecise 
way, referring to section [S] for a more accurate version. 
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Theorem 1.2 Consider the initial boundary value problem il.l]) - P71\ l- ^.8\) associated to the FPB 
equation or the VPFP system with possibly mass flux depending constant accommodation coefficient 
ll.6\} or the boundary value problem associated to the Boltzmann equation or the VP system with 
constant accommodation coefficient ll.2\) . Let then (fn) be a sequence of (renormalized) solutions 
to that equation and assume that {fn) and the trace sequence {'^fn) satisfy the natural physical a 
priori bounds (to be specified for each model). If fn{0,.) converges to fm weakly in L^{0) then, 
up to the extraction of a subsequence, /" converges (at least) weakly in i^([0,T] x O) for all 
T G (0, oo) to a (renormalized) solution f to the kinetic equation |_?. 7| ) with initial value fin- 
Furthermore, for any e > and T > there exists a measurable set A C (0, T) x dfl such that 
meas ((0, T) x dn \ A) < e and 

(1.11) 7+/n^7+/ weakly in L'^ {A x , dXi) , 

the convergence being strong in the case of the Fokker-Planck type equations. As a consequence we 
can pass to the limit in the reflection boundary condition il. Ip - UTT^) (and il.l\) - [T7B\) in the case 
of Fokker-Planck type equations), so that the reflection boundary condition is fulfilled. 

Let us briefly explain the main steps and difficulties in the proof of the stability result. 

• The first step consists in collecting the physical estimates available on the solution / to the 
equation ()l.ip - (jl.7|) - (|1.8|) and on its trace 7/. In the interior of the domain the a priori bounds 
satisfied by / strongly depend on the model considered but they are the same than those available 
in the case of the whole space. In general, for the trace, we are only able to prove that 

(1.12) VT J^^s(2±l)d<j,dt<CT, 

with Ct only depending on Co and T, where the functional £ = £x is the Darrozes-Guiraud 
information defined by 

(1.13) E{(f) -.^ j ^h{4>)d^i,~h(^j yd^i}j , h{s) = s\ogs, 

and where we recall that dfj,x{v) '.= M{v) \n(x) ■ v\dv is a probability measure on so that 
£{4') ^ thanks to the Jensen inequality. Let us emphasize that additionally to the a priori bound 
of the Darozes-Guiraud information (|1.12|) . we can prove an a priori bound in the case of the 
Boltzmann equation (and of the FPB equation) and only an L^/^ a priori (but also a posteriori) 
bound in the case of the VP system (and the FPVP system): in both cases, we do not have any 
a priori information on the trace which guaranties uniform local equiintegrability on the trace 
functions of a sequence of solutions. The main difficulty is thus the lack of a good a priori bound 
on the trace. 

• The next step consists in specifying the sense of the equations. The physical a priori estimates 
on / make possible to give a sense to (|1.7p in a renormalized sense as introduced by DiPerna and 
Lions. What is then the meaning of the trace 7/ of /? That so-called trace problem has been 
studied in [9], [32], [2], [64], [45], [18] for the Vlasov equation with a Lipschitz force field and 
extended to the Vlasov-Fokker-Planck equation in [21]. In the case of the VP and the VPFP 
systems, the a priori estimate on the force field does not guarantee Lipschitz regularity but only 
Sobolev regularity. A trace theory has been developed in | 55| I56j for the (possibly renormalized) 
solutions of the Vlasov equation with a force field in Sobolev space that we extend here to the 
solutions of the Vlasov-Fokker-Planck equation. The trace of a solution is here defined by a Green 
formula written on the renormalized equation. 

• In a last step, we have to pass to the limit in a sequence of solutions which satisfy the "natural 
physical bounds" . For the equation satisfied by / in the interior of the domain, the proofs have 
been done already by DiPerna-Lions [SH |35l |37] and Lions [52| , and nothing has to be changed. 
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The main difEculty solved here is to handle the boundary condition which is made up of two 
equations: 

(1) the renormalized Green formula which links together the solution / in the interior of the 
domain with its trace function 7/; 

(2) the boundary equality condition (jl.ip which connects together the incoming velocity parti- 
cles density 7_/ with the outgoing velocity particles density 7+/. 

Let us emphasize that using only the boundedness information (as it is available for the Boltz- 
mann equation for instance) on a sequence (7/ri) of the trace of solutions to a kinetic equation 
satisfying the boundary condition (|l.ip it is only possible to prove the boundary inequality con- 
dition (jl.lOp . Indeed, on the one hand as in [6] we may use that, up to the extraction of a 
subsequence, /« ^ / weakly in and 7±/n ^ r]± in the weak sense of measures for some mea- 
sures r]± > 0. Then the limit boundary densities r]± fulfill the boundary equality condition ()l.ip . 
77_ — TZrjjf., whereas they are not the trace functions associated to / but they are their regular 
parts with respect to the lebesgue measure: 7/± = ^3^- Putting together these two informations 
yields to the boundary inequality condition ()1.10p . On the other hand, as in [43], we may use that, 
up to the extraction of a subsequence, fn^f weakly in and 7±/„ ^ g± in the biting L^-weak 
sense (see below) for some measurable functions g± > 0. Then the limit boundary densities g± are 
the trace functions associated to /, g± — 7±/, whereas the reflection operator is only l.s.c. with 
respect to the biting L-'^-weak convergence, TZg+ < lim inf 7?. 7+ /„ . Again, these two informations 
only imply the boundary inequality condition ()1.10p . 

• In this paper, we prove some L^-weak (L^-strong in the case of FP models) convergence in 
the velocity variable for the sequence (7+/n) (as stated in Theorem II. 2p which is strong enough 
to conclude. Our proof is based on the use of notions of weak-weak convergences, namely the 
renormalized convergence (r-convergence) and the biting L^-weak convergence (b-convergence). 
We say weak-weak convergences in order to express the fact that they are extremely weak sense 
of convergence (weaker, for instance, to the L^-weak convergence and to the a.e. convergence) 
and which are not furthermore associated to any topological structure, see Proposition IA.2I On 
the one hand, thanks to the trace theory, we prove that the sequence of trace functions (7/n) 
r-converges to 7/ (as well as a.e. in the case of FP models). Next, thanks to some additional 
a priori bounds, or because the r-convergence is almost equivalent to the b-convergence when the 
limit function belongs to we deduce that 7+/n b-converges to 7+/. Finally, that information 
and the boundedness of the Darrozes-Guiraud information leads to (jl.lip . 

Let us now briefly outline the contents of the paper. In section[2l we consider the free transport 
equation for which we apply the above strategy. We present for this very simple case the different 
tools (renormalized and biting L^-weak convergence, trace theory and Darrozes-Guiraud informa- 
tion), we state a first velocity L^-weak compactness result and then we prove the corresponding 
version of the stability Theorem 11.21 In Section [31 we develop the notion of renormalized conver- 
gence in a more general framework and we prove some more accurate version of biting L^-weak 
convergence and velocity L^-weak compactness. In Section [4l we present the trace theory for the 
Vlasov-Fokker-Planck equation with Sobolev regularity on the force field. In Section [SJ putting 
together the results from Section [3] and Section [H we establish the renormalized convergence and 
the almost everywhere convergence of trace functions sequences. In Section [6] we present the mod- 
els and we establish the main stability (up to the boundary) results. Finally, in the Appendix, we 
come back to the notion of renormalized convergence for which we give several relevant examples 
and counterexamples. 

2 An illuminating example: the free transport equation. 

In this section we assume that / is governed by the free transport equation 

df 

(2.1) ^+vV,/ = in (0,00) xO, 
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complemented with the initial condition (|1.8I) and the boundary reflection condition (II. ip with 
constant restitution coefficient a G (0,1]. Our aim is to adapt the DiPerna-Lions stability theory 
to that simple boundary value problem. We follow the strategy expounded in the introduction. 
We first collect the a priori bounds satisfied by a solution to the boundary value problem (|2.1|) - 
(|l.ip - ()1.8|) with initial datum satisfying (|1.9|) . We next present some general functional analysis 
tools which roughly speaking make possible to deduce the weak convergence in the v variable 
of a sequence which is uniformly bounded in and for which the associated Darrozes-Guiraux 
information is uniformly bounded. We finally state and prove the stability result associated to the 
boundary value problem (I^TT|) -prT |) -pr ^ . 

Remark 2.1 It is worth mentioning that the proof of the corresponding stability result for the 
Boltzmann equation is essentially the same as for the free transport equation. We refer to section 6 
where that model is handled. However, the reader who is only interested in the Boltzmann model 
may easily adapt the proof below with the arguments introduced in ]55f ( it will be more elementary 
than the proof presented in Section 3 to Section 6 which is made in order to also deal with a 
Vlasov-Poisson term and/or with a Fokker-Planck term). 



2.1 A priori bounds. 

Lemma 2.2 For any non-negative initial datum fin such that fil.9\) holds and any time T S (0, oo) 
there exists a constant Ct ( only depending on Cq and T ) such that any sufficiently regular and 
decreasing at the infinity solution f to the initial boundary value problem V2. l]) - n~J]) - fil.8\) satisfies 



(2.2) snp [ [ f{l + \v\^ + \\og f\)dxdv + a [ [ S ( ^] da^dt < Ct , 

[o,T] J Jo Jo Jon V / 



I I f{l + \v\^ + \\ogf\)dxdv + a C 

[0,T] 

where £ is defined in I11.13\) . and 



(2.3) a[ [[-/f{l + \v\^)\n{x)-v\dvda^dt<CT- 

Jo J Jt, 

Proof of Lemma [Ol We consider a solution / of (|l.ip - (|2.ip - (|1.8p . which is sufficiently regular 
and decreasing at the infinity in such a way that all the integrations by parts in our arguments are 
legitimate. 

Step 1. Mass conservation. Integrating the free transport equation (j2.ip over using the Green 
formula and the identity (11.51) . we obtain the mass conservation 

Vi>0 jj f{t,.)dvdx^ J J findvdx. 

Step 2. Relative entropy. Multiplying the free transport equation (|2.ip by h'{f/AI), with 
h{s) — slogs, and integrating it over x,v, we have 



(2.4) ^// Hf/M)Mdvdx^ II h{-/f/M)Mv-n{x) dvdao,. 



The Darrozes-Guiraud inequality states that the entropy boundary flux at the right hand side of 
equation (12.41) is non-negative. That is a straightforward consequence of the Jensen inequality 
taking advantage that d^x{v) = M \v ■ n{x)\ dv is a probability measure. We present now the 
proof of an accurate version of the Darrozes-Guiraud inequality which make precise how much 
that term is non-negative. From the boundary reflection condition (|l.ip . the convexity of h and 
the expression (|1.2p of the reflection operator, we have 



(2.5) h{jf/M)dfi^{v)^ h{-f+f/M)d^i^(v)- h{nj+f/AI)dfi^(v) 



+ 
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> a < 


' r 






+ (1- 


-«){ 











>«<! / , h{-i+!/M)d^ji,{v)- j^_h{Dj+f/M)dfi^{v) 

h{^+f/M)dii.,{v)- [ h{L^+f/M)dii^{v) 

T+/ 

where we have performed the change of variables '■ v i-^ R^v in the second term with jacL^ = 1, 
so that this term vanishes, and where the Darrozes-Guirraud information functional £x is defined 
in pTT^ and 7^/ is defined in pTil) . Gathering (1^ and (1^ . we get 

d 
di 



h{f/M)Mdvdx + a / fx(7+/)doi < 0. 



Finally, using the elementary estimates, that one can find in I53| for instance, 
(2.6) / / + I log f\)dv< Cm + / Hf/M) M dv, 



and 



(2.7) / /i(/.„/M) M d« < / /,;„ (M^ + I log 1) dv + Cm, 

for some constant Cm G (0, c«), we obtain that p.2p holds. 

Step 3. Additional estimates. For the sake of completeness we sketch the proof of the a 
priori bound (|2.3p already established in [HJ [56] . We multiply the free transport equation p.ip by 
n{x) ■ V and we integrate it over all variables, to get 



lo J Jy: 



7/ {n{x) ■ v)^ dvdaxdt 



n „T 



/ n{x) ■ V dvdx 



f V ■ Vx?T-(a;)u dvdxdt, 



J Jo 



so that, thanks to ((2?2|) and because n e Vl^i'°°(ri), 



(2.8) I 1 1 if {^{x) ■ dvdaxdt < Ct 



We then remark that for the constant Ci := || {n{x) ■ v^Wj^l^^i-: ) we have 

(2.9) lJ = Cil M{v)^f{n{x)-vfdv = C^[ -f_ f {n(x) ■ vf dv , 
and that for the constant C2 := \\M{v) (1 + \v\^) \n{x) ■ we have 

(2.10) / ^J{l + \v\f\n{x)-v\dv^( M(v)^f(l + \v\^)\n{x)-v\dv^C2^f. 



Finally, we come back to the equation (12.11) that we multiply by |up and that we integrate in all 
variables. We obtain 



|2 



(2.11) // f{T,.)\vY dvdx + a -i^f \vY n{x) -v dvdaxdt 



o 



+ J 

+ 

fin\v\^ dvdx -\- a I II ^_ f \v\^ \n{x) ■ v\ dvdaxdt. 
Jo J Jt.^ 



Estimate follows gathering (g^, (g^ and ([^TII)) . (P1T|) . O 
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2.2 Biting L^-weak convergence and L^-weak compactness in the velocity 



In this section we present some functional analysis results whicli make possible to obtain the L^- 
weak convergence in the v variable of a sequence which satisfies a bound and a uniform bound 
of its Darrozes-Guiraud information. We state the result in some more general setting because we 
believe that it may have its own interest (outside the applications to the trace theory for kinetic 
equations). For that purpose, we introduce a first notion of weak- weak convergence, namely the 
biting L^-weak convergence. It seems to have been introduced by Kadec and Pelzynski \5d\ and 
rediscovered and developed in a and bounded measure framework by Chacon and Rosenthal 
in the end of the 1970's, see [H], [T7]. Let us first recall the definition of the biting L^-weak 
convergence that we extend to a "L framework" . 

In the sequel Y = {Y, v) stands for a separable and cr-compact topological space, i.e. Y = U^Yfe 
where (Y/c) is an increasing sequence of compact sets, endowed with its cr-ring of Borel sets and 
with a locally finite Borel measure v. We denote by L{Y^ the space of all measurable functions 
: F — 7> M and by ^"(5^) the subset of all measurable and z^-almost everywhere finite functions. 
In order to simplify the presentation, we will be only concerned with non-negative functions of L 
and . Thus, in this section, we also denote by L and iP the cone of non-negative functions in 
these spaces, and we do not specify it anymore. 

Definition 2.3 We say that a sequence {4'n) of L{Y) converges in the biting L^-weak sense (or 

b-converges) to ijj e L{Y), denoted V'n V"; for every k ^ M we can find Aj. C Yfe in such a way 
that {Ak) is increasing, v{Yk\Ak) < 1/fc, '0„ e L^{Ak) for all n large enough and ipn ijj weakly 
in L^{Ak). In particular, that implies ifj € L'^{Y). 

The fundamental result concerning the biting L^-weak convergence is the so-called biting 
Lemma that we recall now. We refer to [25], [8], [17], [41] and [50] for a proof of this Lemma. 
We also refer to [1^ and [33 for other developments related to the biting L^-weak convergence. 
Extension of this theory to multi-valued functions has been done by Balder, Castaing, Valadier 
and others; we refer to 150' for precise references. 

Theorem 2.4 (biting Lemma). Let {tpn) be a bounded sequence of L^(Y). There exists ip € 
L^(Y) and a subsequence {^pn') such that {ipn') b-converges to V' and ^ liminf || ■!/)„/ 

Our first result is a kind of intermediate result between the biting Lemma and the Dunford- 
Pettis Lemma. More precisely, we prove the L^-weak compactness in the v variable for sequences 
((/)„) which are bounded in and such that the associated Darrozes-Guiraud information is 
uniformly (in n) bounded. It is based on the biting Lemma, the Dunford-Pettis Lemma and a 
convexity argument. 

Theorem 2.5 Consider j : R+ — > R a convex function of class C^(0, oo) such that j{s)/s — > -|-cx3 
when s -\-oo and such that the application J from (M+)'^ to R defined by J{s,t) = {j{t) — 
j{s)) [t — s) is convex, lo a non-negative function ofM.^ such that uj{v) oo when \v\ — >■ oo and, 
for any y £ Y , a probability measure iiy on . Assume that {(f>n) is a sequence of non-negative 
measurable functions on Y x R^ such that 



variable. 



(2.12) 




[0„(y, u) (l-f w(w)) -\-£{(f>n{y, .))] dfiy{v) dv{y) < Ci < oo 



where £ = £j^y is the non-negative Jensen information functional defined by 
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Then, there exists (j) £ L^{Y x R^) and a subsequence {(j>n') such that for every k £ N we can find 
Ak C Yfc in such a way that {Ak) is increasing, v{Yk\At^) < 1/k and 

(/)„' (f) weakly in L^(Ai^, x R^^diydfi). 

Furthermore, £ is a convex and weakly l.s.c. functional, and thus 



(2.13) / / [^iy,v)il+uJiv))+£{^{y,.))]d^iyiv)dly{y)<C,. 

Proof of Theorem 12.51 From the bound p.l2p and the biting Lemma we know that there exists a 
subsequence n' such that for every k G N we can find a Borel set A = Ak CYk with i/(Yfc\A) < 1/k 
such that 

(2.14) / (pn' d^y{v) weakly converges in L^{A). 

Thanks to (I2.14p . the Dunford Pettis Lemma and the De La Vallee-Poussin uniform integrability 
criterion there is a convex function $ = $fc such that $(s)/s — >■ oo when s oo and 



( / (j)n' dfiy{v)) dv(ii) < C2 = C2{k) < 00. 



$1 

A 

Furthermore, we can assume that $(0) = 0, $' = in [m, m + 1] with j'(so) < a-m +00, where 
So e N* is such that j(so) > and j'(so) > 0. 

Then we define 5* = 5'^ by ^(s) — j{s) for s G [0, sq] and by induction on m G N, we consider 
tm such that j'{tm) = a™ - ^'{sm) + j'(sm) and wc set s^+i = [tm] + 1, := j" on [s,„,t„i] and 
^t" := on [tm,Sm+i] so that tm ^ Sm > m and ^''(sm+i) > a,„ > ^'(s,„). Therefore, we have 
built a convex function ^ such that the function s 1— > j{s) — ^'(s) is convex, 5'(s)/s 00 since 
vl/'(s) 00, and vj/ < $ since < so that 



(2.15) / ^{ / 0„.dM diy < C2. 

J A ^JR" ^ 

The Jensen inequality, written for the function s j(s) — ^(s), gives 

and combining it with (|2.12p and ()2.15p we get 

^{4)n')dndv < Ci +C2, 



and thus 



(2.16) // ^+{(j}n')d^Jiydy <Ci+C2+ ^-{(j)n.)dfiydiy 

< Csik) := C1+C2 + v{A) supj" < CXI. 

Thanks to estimates (I2.12p . (|2.16l) and the Dunford-Pettis Lemma we get that falls in a 

relatively weakly compact set of L^{Ak x R^) for any fc G N. We conclude, by a diagonal process, 
that there is a function (p E L^{Y x R^) and a subsequence (</>„") which converges to 4> hi the 
sense stated in Theorem 12.51 

In order to prove that £ is a convex functional, we begin by assuming that j G C^(R+,M), so 
that £ is Gateaux differentiable. By definition of the G-differential 

V^(^).^ ,^£(i±M^ 
t->o t 

j' {(j}) ijj dfi ~ j' { 4>dfi) / ipdn, 
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for any < (j),ip ^ L°°(R^). Therefore, by the Jensen inequahty, we have 

(V£(^)-Vf(^),V-<^) = / J{<jy,i^)dii-j([ cj^dfi, [ Vd/i)>0, 
SO that W£ is monotone and thus £ is convex on L°°(R^): for any < 4>,ip £ L°°{R^) and any 

(0,1) 

(2.17) £(0 + (l-t)V) <t£{<f)) + {l~t)S{^l;). 

When j ^ C^(]R+,]R) we define, for any e > 0, the function je(s) — j{s + e) — j(e) which belongs 
to C^(R+,R), and the above computation for the associated functional is correct, so that 
inequality (|2.17p holds for £ replaced by Then, writing inequality (|2.17l) for £^ and fixed 
< 0, V' G L°°{M.^), t G (0,1) and passing to the limit e — we obtain that £ is convex 
on L°°(M^). Now let us fix < V' G £^(K^), t G (0,1). If ^(0) or jiijj) i Li(R^) then 
t£{4)) 4- (1 — t)£{%lj) — +00 and the convex inequality (|2.17l) obviously holds. In the other case, 
we have j{(t)), G L^{R^), and we can choose two sequences < {(j>n), (V'n) of L°°{M.^) such 
that 0„ and ipn i' a.e.. Passing to the limit e in the convex inequality ()2.17p written 
for (j)^ and ip^ we get, by the Lebesgue convergence dominated Theorem and the Fatou Lemma, 

/ j{t(f> + {l-t)^/j) < liminf / j{t^, + {l-t)A) 

JR" JR" 

< t£i(l)) + {l-t)£{ij)+j( f t^+il-t)i;), 

which exactly means that £" is a convex functional in L^(R^). Finally, ii < (j), ip G L^{Y x M.^) 
and t e (0, 1), then (j){y, .), ^'(y, ■) G L^(R^) for almost every y £ Y and, integrating the convex 
inequality (j2.17p . we obtain that the functional 

< (/> e L^(r X M^) h-> J"(<?!)) = J £{<j))dv 

is convex. Furthermore, by Fatou Lemma, T is l.s.c. for the strong convergence in L^, for the 
weak a{L-^,L°°) convergence and for the biting L^-weak convergence, so that (|2.13p holds. O 

We introduce a second kind of weak-weak convergence, namely the renormalized convergence, 
which is the very natural notion of convergence when we deal with sequences of trace functions, as 
we will see below. We now present the definition (in a simplified case) and a first elementary result 
that we will use in the next subsection. More about the renormalized convergence is presented in 
section [31 

Definition 2.6 Let us define the sequence (Tm) by setting Tm{s) :— sAM ^ min(s,Af) Vs, M > 
0. We say that a sequence {(f>n) of L{Y) converges in the renormalized sense (or r-converges) if 
there exists a sequence (T^/) of L°°(Y) such that 

TuiM^TM a{L^{Y),L\Y)) and Tm/-^ a.e. inY. 

Lemma 2.7 For any sequence (0n) of L{Y) and (p G L'^iY) such that m the biting L^-weak 

sense, there exists a subsequence {(pn') such that (pn' ^ <p in the renormalized sense. 

Proof of Lcmma \2/f[ We follow the proof of i8, where that result is established in a framework. 
By assumption, for any fc G N, there exists a Borel set Ak such that v {Yk\Ak) < 1/k and (pn ^ <t> 
weakly in L^(Afc). Thanks to Dunford- Pettis Lemma, there is a function 5k : R+ — R+ such that 
5k{M) -> when M +oo and 

(2.18) / 0„l{0„>A./}rfy<4(M) Vn,M,fcGN*. 
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Moreover, there exists a subsequence ((/>„') of (0„) and a sequence (r/\/) of L°°{Y) such that for 
any M G N there holds 

Tm(0„') ^ Ta/ (T(L°°(y),Li(y)). 

We obviously have that (Tm) is an increasing sequence in L°°{Y) and Tm < a.e. because that 
is true on any Ak- Observe that 

(2.19) < - rA/(0n) < {(j^n - M) 10„>M a.e. in Y. 
Gathering ([2?T8l) and ([2?T9| we get 

/ \4>-fM\dv = lim / ((/)„'- Ta/((/)„')) [sign((/!) - Tm)] 
< liminf / (j)n' 1{0 ,>m\ dy < Sk{M). 
That proves Tm ~^ a.e. in Y when Af — > oo, and then (f>. □ 

2.3 The trace theorem and the stabihty resuh. 

Let us recall the following trace theorem which makes precise the meaning of the trace of a solution. 

Theorem 2.8 [56j Let g € L°°(0, T; ^1(0)) satisfy 

Ag:^dtg + v-S/^g^O m V'{{0,T)xO). 

There exists 717 G Ll^^{{0,T) x T,;dX2) and go £ L^{0) which satisfy the renormalized Green 
formula 

(2.20) / // (3{g) K(t)dvdxdt ^ [ [[ l3{'y g) (f> n{x) ■ v dvda^^dt - [[ l3{go) (f>dxdv, 



Jo J JO Jo J Js J JO 

for all 13 g W^-°°{R) and all test functions (j) e X>([0, T) x 6), as well as for all P e W^^^iR), with 
l3' e L°°(R), and all test functions e X>([0,T) x O) such that = on [0,r) x Sq . 

We may then state our first main result. 

Theorem 2.9 Let /„ G L°°(0, 00; L^(0)) be a sequence of solutions to the initial boundary value 
problem i2. l\) - ![n\l - il.8\) such that both (/„) and the trace sequence {^fn) satisfy the associated 
natural a priori bounds: for any T > there is a constant Ct 



(2.21) sup / / /„ (1 + |wp + I log /„|) dvdx < Ct 

[O.T] J Jo 

and ^ ^ 

(2.22) / [ [ -ifn{l + \v\'')\n{x)-v\dvda.,dt+ j [ E{-i+fn)da^dt<a-'^CT. 
Jo J JT. JO J an 

On the one hand, there exists f G L°° (0, 00; L^{0)) satisfying \2. 2\) and fi„ G i^(0) satisfying 

U.9\) such that, up to the extraction of subsequences, 



(2.23) fn ^ f <J{L\L^), /„(0,.) - <J{L\L'^), 

and f is a solution to the free transport equation i t^. j|) - l775)] with initial datum fin- 

On the other hand, there exists r]± € L^{0, T) x S±, dXi) for all T G (0, 00), which furthermore 
satisfies h2.0i) - ^2~3i) (with 7±/ replaced by ri±), such that, up to the extraction of a subsequence, for 
any T,£ > there exists a measurable set A C (0,T) x dQ such that meas {(0,T) x dil\A) < s 
and 

(2.24) 7±/„ ^ r/± weakly in L'^ {A x , dXi) , 

As a consequence, ^±f = ri± and the reflection boundary condition jj. j|) holds. 
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Proof of Theorem \2.9[ First, from (|2.2ip and the Dunford- Pettis lemma we deduce (I2.23p . Then, 
thanks to Lemma |2.7[ extracting again a subsequence if necessary, we deduce that /„ ^ / or more 
precisely, there exists two sequences {Tri) and (T^j) such that 

(2.25) TM{.fn)^fM <J{L°°,L^)^ and Tm / / a.e., 

(2.26) Tm(/„(0,.)) -TO, a(i°°,Li)* and f ^ /,„ a.e.. 

Next, from ^(I^ and Theorem [13] (with 0„ = 7+/„/A/, j(s) = slogs, uj{v) = jwp, dv{y) = 
da^dt, d^y(v) = \n{x) ■ v\M{v)dv) we deduce that 7+/„ 77+ in the sense stated in (|2.24p . 
That implies that for any T, e > there exists a measurable set A C (0, T) x dVl such that 
meas ((0, T)xdn\A) < e and 

7+/ri ^ V+ weakly in L^(^), 
so that D{j+fn) D{rj^) in the sense stated in ()2.24p . That also implies that for any (f) S L°°(M^ ) 

j+fn{t,x,v)(j){Rxv)n{x)-vdv^ / ri+{t, x,v) (l){Rx v) n{x) ■ v dv weakly in L^{A), 



which means nothing but L{'y+fn) L{r]+) in the sense stated in (|2.24p . Gathering these two 
convergence results, we get 7-/n — in the sense stated in ()2.24p with rj^ := 7^(?7+). 

Finally, thanks to Lemma 12.71 again, extracting a subsequence if necessary, we deduce that 
ifn -^V '■= V+ l(o.cx))xs+ + V- l(o,oo)xs_ OT more precisely, there exists a sequence (7Af) such that 

(2.27) TMilfn)^jM a{L°°,L^)* and V a.e.. 

We write then the Green renormalized formula (|2.20p for the free transport equation 

/ // Tuifn) ^fdvdxdt = / // Tm{i fn) ^ n{x) ■ V dvda^dt - II Tm { f n{0, ■)) f dxdv, 
Jo J Jo Jo J J^ J Jo 

for any ip e I?([0, T) x O). Using (|2.25p . (|2.26l) and (j2.27p . we may pass twice two the limit in the 
above equation, first when n ^ 00, next when M ^ 00, and we get 



f A(p dvdxdt — Vf nix) ■ v dvdaxdt — fin'pdxdv. 

JJo Jo J JT. J Jo 

In other words, / is a solution to the free transport equation and 7±/ = rj± thanks to the trace 
Theorem l2.8l We conclude by gathering that information with the equation satisfied hy ■q±. O 



3 On the convergence in the renormaUzed sense. 
3.1 Basic properties. 

We present the main basic properties concerning the notion of convergence in the renormalized 
sense. More about renormalized convergence is set out in the appendix section. In that section 
the framework and notations are the same as those of subsection 2.2, and again, we only deal with 
non-negative functions of L = L{Y)^ but we do not specify it anymore. 

Definition 3.1 We say that a is a renormalizing function if a ^ Cf,(]R) is increasing and < 
Q^(s) < s for any s > 0. We say that {cum) is a renormalizing sequence if um is a renormalizing 
function for any M € N and aM{s) s for all s > when M 00. Given any renormalizing 
sequence (olm), we say that {4>n) (a m) -renormalized converges to (j) (or we just say that {(/)„) 
r-converges to 4>) if there exists a sequence {(Xm) of L°°{Y) such that 

aAii't'n) ^ aM '^{L°°{Y), L^{Y)) and ctM (l> a.e. inY. 

Notice that the renormalized convergence as defined in definition \2.6\ is nothing but the (Tm)- 
renormalized convergence. 
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Proposition 3.2 1. The {aM)-'i^enormalized limit in the definition \3.1\ does not depend on the 
renormalizing sequence {um), but only on the sequence {4>n). In other words, given two renormal- 
izing sequences {an) and (/3m), if i(t>n) {aM)-renormalized converges to (j)" and (/3M)-renormalized 
converges to 0^ then tff^ = 0^. 

2. For any sequence {(t>n) of L there exists a subsequence {4>n') of {(j)n) and a function (p d L 
such that {(t>n') {aM)-T'enormalized converges to (j) for any renormalizing sequence [au)- 

3. A sequence {(t>n) which converges to (f) a.e. or strongly in , p g [l,cx)], also r-converges to 
(j). From a sequence {4>n) which converges to 4> weakly in , p € [l,oo], or in the biting L^-weak 
sense, we may extract a subsequence {4>n') which r-converges to (j). 

Remark 3.3 1. The definition of the {aM)-Tenormalized convergence with Um Tm is important 
in order to obtain the renormalized convergence of the trace functions sequence in Theorem \5.Sl 
Indeed, Tm is not smooth enough in order to be taken as a renormalizing function for the VFP 
equation and we have to introduce the "smooth" renormalizing functions a := $M,e- 

2. Because of Proposition \ 3.2\ we will often make the abuse of language by not specifying the 
renormalizing sequence (q!m) used to define the {aM)-i^enormalized convergence and by saying that 
{4>n) r-converges (to (j)) when it is only a subsequence of {(j)n) which r-converges (to 4>). 

3. Let us notice that in general we can not exclude that the limit (j) = -\-oo, since for instance 
the sequence (</>„) defined by (f>n — n belongs to L and r-converges to cj) = oo. 

Proof of the Proposition \3.2l Step 0. We first claim that for any sequence ((/>„) of L and any 
renormalizing sequence (aM) there exists a subsequence (</>„') of (0n) and (j) ^ L such that (</>„') 
(Q^A/)-i'enormalized converges to 4>. Indeed, for any M we can find a subsequence {n^^)k and 
aM G L°° such that aA/((/)„M) ^ aM weakly in L°°. By a diagonal process we can obtain a unique 
subsequence {n') such that the above weak convergence holds for any M G N. Furthermore, 
since {um) is increasing, we get that (aAi) is an increasing sequence of non- negative measurable 
functions, so that it converges to a limit (f) € L. 

Step 1. Assume that for a renormalizing sequence (a_R-) ) ax Tp- Thanks to 

step 0, there exits a sub-sequence (</>«')> ^ sequence Tm G L°° and a function (j) E L such that 
Tm {4>n' ) ^ Tm (/)■ It is clear that VfsT, M e N Ve > there is kM,s , tuk € N such that ctic < 
and Tm < akj,,,, + £• Therefore, writing that Q/f (0„) < T„^((?!)„) and TM{4>n) < ctkM.eiM + e, 
and passing to the limit n — > +oo, we get 

ctK < < </} and Tm < ctkM., + e <ip-he. 

Then passing to the limit M, K oo we obtain that i/j < ^ < -0 + e for any e > 0, and finally 
passing to the limit e we conclude that ip = (f>. 

Step 2. Let us remark that the class of renormalizing functions is separable for the uniform norm 
of C(M+). For instance, the family A — {a''} of functions a such that 

.7 

< a{s) < s and a'{s) = ^ 9j l[a,,a,+i[(s), aj, Oj e Q+ 

j=i 

is countable and dense. By a diagonal process and thanks to step 0, we can find a subsequence 
{4>n') in such a way that for any a G A there exists a € L°° such that a{(j)n') a. Let us fix now 
(/3m) a renormalizing sequence. On one hand, for any M there exists a sequence (cxk) of A such 
that ak < /3m < a/c + 1/^ for any fc S N and I3m- We already know that akifpn') oik- 

Since {oik) is not decreasing, it converges a.e., and we set /3^,j = lima^. On the other hand, thanks 
to Step 0, there exists a subsequence {4>n") and a function /3j\/ such that PM{4>n") Pm- That 
implies ak < /3m < Qffc + 1/fc. Passing to the limit k -> oo, we get /3a/ — Therefore, by 

uniqueness of the limit, it is the all sequence ^Mifpn') which converges to /3J^. Finally, thanks to 
the usual monotony argument we deduce that converges in the (/3M)-i'enormalized sense and 
its limit is necessary </> thanks to Step 1. 



14 



Step 3. If (/)„—?► a.e. then clearly aM{4'n) olm{4>) -L°°-weak and Q!m(0) 4> for any 
renormalizing sequence (aA/), so that (/)„ 0. If ((/)„) converges strongly or weakly in L^, p g [1, oo], 
then it obviously converges in the biting L^-weak sense and we may apply Lemma 12.71 □ 

Let us now define the limit superior and the limit inferior in the renormalized sense. 

Definition 3.4 Let (0„) be a sequence of L. Consider I the set of all the increasing applications 
I : N — >■ N such that the subsequence {4't{k))k>o of (0n)„>o converges in the renormalized sense and 
note 4>i = r-lim(f>i{k)- Thanks to the Provosition \3.2i 2. we know that I is not empty. We defined 
the limit superior and the limit inferior of (0„) in the renormalized sense by 

r-limsup (j)n := sup (t>i and r-liminf (/)„'■— ud (j)^. 

It is clear that if r-limsup(f)n = r-liminf (pn then {(j)n) r-converges (up to the extraction of a 
subsequence). 

Proposition 3.5 1. If (pn 4> > i^n 4' o,nd Xn ^ X in then (pn + Xipn <!> + X^p. 

2. Let (j)n-^4> and (5 be a non-negative and concave function then P{4>) > r-limsup I3{(f>n) ■ 

3. Let j3 be a strictly concave function, and (0„) be a sequence such that (f>n-^ 4> o.'^d, < 
r-liminf P{4>n) then, up to the extraction a subsequence, (/>„ — > (p a.e. in Y . 

4. Let (pn-^(p and S be a bounded and non-negative operator of L^ then S (p < r-liminf S (pn. 



Proof of the Proposition 13.51 Step 1 . From the elementary inequality 

Vo, 6, M > M A (a + 6) < M A a + Af A 6 < (2 M) A (a + b), 

we deduce 

w-lim [M A {(pn + ipn)] < w-lim [M A 0„] + w-hm [M A tpn] < w-lim [(2 M) A (0„ + ip„)] 
so that r-lim [cpn + ipn) — (p + ip. Next, from the elementary identity 

V a, b, M > (ab) AM ^ a{bA {M/a)) 
and because for any e > there holds < A — e < A„ < A + e for ?i large enough, we have 

M 



M 

(A-e) (PnA- < (A„<?;.„) AM < (A + e) 



(pn A 



A + £ 



A-e 

We deduce that for a subsequence (A„' (pn' ) 

Ve > (A-e) < w-lim Tm(A„' (pn') < (A + e) , 

SO that, passing to the limit e — > and using that Tm/{x+£) < 7A//(A_e), 

XTm = w-lim Tm(A„' <pn'). 

Passing to the limit M — >■ cx), we conclude that r-lim (A„ (pn) — X(p. 
Step 2. We know that 

= inf 

where the inf is taken over all real values affine functions i{t) = at + b which satisfy a, 6 > and 
f3{t) < £{t) for any t > 0. Furthermore, for any £ and M, there clearly exists Km such that 

Tm(^(s)) < e{TK{s)) and £{Tm{s)) < Tk{£{s)) for all K > Km, s > 0. 
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We deduce that for any £ > /3, we have 
Therefore, we get 

hnisupTM(/3(0„)) < e{limTKi^n)) < ^ 

n " 

and finally 

lim sup Tm il3iK)) < 13 W for any M, 

n 

which exactly means that r-limsup (3 < l3{(j)). 

Step 3. For any subsequence (n') such that ^(0„')> /2+0/2)) and /3((^„' /2+0/2))-/3((^„')/2- 
/3('/')/2 > converge in the renormalized sense, we have 

r-Hm _ ^ _ M] + M + r-Hm ^ = 

thanks to step 1. As a consequence, we get 

< r-Um[p{^)-^JM.m] 

= r-limp[ r-Lim 

^ 2 ' 2 2 

thanks to step 2 and because 4>n' /2 + 0/2 (p. Therefore, for any fc, we have 



< lim / ri(/3( "" ) - ^llHIi^ - ) 



so that, up to extraction a subsequence 

') m 



p[ j > a.e. on Y and 0„/ — a.e. on Y. 

Step 4. Fix X G C'c(i^), the space of continuous functions on Y with compact support, such that 
< X ^ 1- Since TM{4>n) X ~^ Tm X weakly in L^, we have 

(3.1) S{TM{(t>n) X) ^ S{Tm X) weakly in L\ 

We deduce, using TK{S{TM{(t)n) x)) < Tr-(5((/)„)) and Proposition [S^la that 
S{Tmx) = r-liminf S{TM{(f'n)x) < r-liminf S'((/)„). 

We conclude letting x 1 and M — > +oo. □ 

3.2 Prom renormalized convergence to weak convergence. 

We give now a kind of extension of the biting Lemma in the L*' framework. 

Definition 3.6 We say that a sequence {'ipn) is asymptotically hounded in L'^iY) if for any fc £ N 
there exists 6k '■ IR-+ — > ^+ such that Sk{M) \, when M /" +oo and for any M there is n^^M 
such that 

(3.2) meas{y e Vn(y) > M} < 4(M) Vfc G N, Vn > UkM- 



16 



Theorem 3.7 Let (ipn) be a sequence of L'^{Y) which r-converges to ip with ip e L'^{Y). Then 
{4'n) is asymptotically bounded in L'^{Y) and there exists a subsequence (4>n') which b-converges to 

V'- 

Remark 3.8 In the framework, J. Ball & F. Murat have already proved that the biting L^- 
weak convergence implies, up to the extraction of a subsequence, the convergence in the renormalized 
sense, as it has been recalled and extended to the LP framework in Lemma \2. 7| As a consequence, 
combining Ball & Murat's result with Theorem \ S.T\ we get the equivalence between the biting L^- 
weak convergence and the renormalized convergence. More precisely, considering a sequence (ipn) 
of L{Y), it is equivalent to say that, up to the extraction of a subsequence, 

(3.3) ipn—^ij^ iTi the biting L^ -weak sense (so that %l) G L^{Y)), 

(3.4) ipn—^i^ in the renormalized sense and ip G L^(Y). 

Furthermore, in both cases, the full sequence {ipn) is asymptotically bounded in L^ . Again, we refer 
to the appendix where some complements about r- convergence and b- convergence are given. 

Proof of Theorem \3.7[ Step 1. Proof of the asymptotic boundedness in L^ . We argue by contra- 
diction. For an arbitrary e > we know that there exists i? C Yfe such that v{Yk\B) < e/2 and 
ip G L^{B). If there is no m G N such that meas {y G B, ipniv) > "t-} < e/2 for all n large enough, 
this means that there exists an increasing sequence («„) such that 

meas {y G B, ipn^ {y) > m-} > e/2 Vm > 0. 

Therefore, for any G N and any m > £ we have 

/ Tiii^nJ > ^meas{y G B, ^n^v) > ^} > ^meas{y G B, ^n^{y) >m}>l^, 

J B ^ 

and passing to the limit to — > oo, we get 

i ip> I TiiiPn )>i- yi>o. 

Jb Jb " 2 

Letting £ oo we get a contradiction with the fact that tp G L^{B). As a conclusion, we have 
proved that for any e > there exists to^ and such that meas{?/ G Yfc, 4'n ^ ^Tie} < e for any 
n> n^, and (|3.2p easily follows. 

Step 2. Proof of the convergence in the biting L^-weak sense. As in Step 1, for any fc G N we 
can choose B such that i'{Yk\B) < l/3fc and ■0 G Setting / ijjdy — Co, we construct a 

JB 

sequence {ui) such that 

(3.5) J^TeiiP^,)dy<Co + j. 

From (j3.5p . Theorem 12.41 (biting Lemma) and Lemma 12. 7[ we may extract a subsequence, still 
denoted by (ipne), which b-converges and r-converges to a limit denoted by ^p* G L^{B). On the 
one hand, for any M G N we have TM{ipni) < Ti{ipni) ioi £ > M so that, passing to the limit 
£ — )• CJO, we get w-\im. Tm (ipne) < ip* and thus ip < ip* ■ On the other hand, from Theorem 12.41 
(biting Lemma) again, we have < hminf HT^ (?/'„^)||ii < Cq = WipWi^i. Gathering these two 

inequalities, we have proved 

Teii^ru) ^ weakly in L\B). 

Furthermore, since (ipn) is asymptotically bounded in L'^(Y) we have, up to the extraction of a 
subsequence again, 

measjV'n, 7^ Tf(V'„J} = measjV'n^ > £} < Sk{£) — > 0. 
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Therefore, we can choose an other subsequence, still noted {ipm), such that Zl ■= {Vi? > L / 7^ 
Teii^m)} satisfies 

nieas(ZL) < y^meas{V'nf > (} — > 0. 



OL 



Finally, choosing L large enough such that nicas {Zl) < l/3fc and setting Ak :— B Ci Z£, we have 
|Yfc\A| < 1/fc, i^n, e L\A) for a\\e>L and 

i>ni = Ti{i>ni) 4' weakly in 

We conclude thanks to a diagonal process. □ 

A simple but fundamental consequence of Theorem 12.51 and Theorem 13.71 is the following. 

Theorem 3.9 Consider a function m : M.^ — > M and a family of measures dwy on such that 

m[v) d'CDy{v) — 1, / m{vY^'^ dwy{v) < C4 Vy and m{0) > m{v) — > 0. 

Let {4>n) be a sequence of L^{Y x R-'^) which satisfies 

Jy V m[.) J 

with £ just like in Theorem \2.5\ with dfiy(v) — m{v) d'cuy{v), and assume that 
(3.6) ipn{y) / 4'n{y,v) dwy{v) ^ V with iIj e L'^iY). 



Then, there exists cj) £ L^{Y x M.^ jdvdnj) and a subsequence {(f>n') such that for every k G N we 
can find Ak C Yfe in such a way that (Ak) is increasing, ^{YkXAk) < 1/k and 

4>n' 4> weakly in L^{Ak x ^dvdvo). 
As a consequence ip — (pdru and £{(f)/m) £ L^{Y). 



Proof of Theorem \3.9l From (|3.6p , Theorem 13.71 and Definition 12.31 we know that there exists a 
subsequence (V'n') such that for every fc G N we can find A = Ak C Yfc satisfying (Ak) is increasing, 
v{Yk\Ak) < 1/k and 

ipn' is weakly compact in L^{A). 

Next, we come back to estimate (|2.16p in the proof of Theorem 12.51 which written with the new 
notation, becomes 

(3.7) // <^„,s(A^)dtn,d^<C3, 

where we have set S(s) '■— 'i'~^{s)/s. Of course, we can assume without loss of generality that S is 
not decreasing, S(s) 00 when s 00 and S(s) < s^^^. From (13. 7p we deduce 

(3.8) // ^„,S(A_)d.n,dz.<C3, 
as well as 

(3.9) / / (t)n' E{m{vy^/^) dvjy dv < 

1/2} + 1{0 ,>m(t,)i/2}) dujy dv 

AxR" 



AyM 

< 



< m{v)^/Umy diy + cb^, dzUy diy < C4\Yk\ + C3. 
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Gathering (|3.8p and (|3.9|) . we deduce thanks to the Dunford- Pettis Lemma that (</>„') belongs to a 
weak compact set of L^{A x R^, dvdm), and we conclude as in the end of the proof of Theorem l2.5l 
O 



4 Trace theorems for solutions of the Vlasov-Fokker- Planck 
equation. 

4.1 Statement of the trace theorems 

In this section we recall the trace results established in [53], [SB] for the Vlasov equation (which 
corresponds to the case = in the Theorem below) and we extend them to the VFP equation. 
Given a vector field E = E{t, x, v), a source term G = G{t, x, v), a constant i/ > and a solution 
g — g{t, X, v) to the Vlasov-Fokker-Planck equation 

(4.1) AEg^^+v-V,g + E-V,g^iyA,,g = G in(0,T)xO, 

we show that g has a trace jg on the boundary (0, T) x S and a trace jtg on the section {t} x O 
for any t S [0,T]. These trace functions are defined thanks to a Green renormalized formula. We 
write indifferently jtg — git, ■)■ 

The meaning of equation (|4.ip is of two kinds. In the first case, we assume that g G L°°{0,T; 
Lf^^{0)), with p e [1, oo], is a solution of (|4.1|) in the sense of distributions, i.e.. 



(4.2) / {gK*E(j) + G4))dvdxdt^Q, 

Jo J Jo 

for all test functions cf) G 2?((0, T) x O), where we have set 

K*e4>=-^+v- V^(t> + E ■ + V A^(/) + (div„£;) 0. 
In this case we assume 

(4.3) E^ L\Q,T-Wli{6)), di^,E^L\0,T-Li^{d)), G G L^dO, T] x O), 

where p' G [1, oo] stands for the conjugate exponent of p, given by 1/p + 1/p' = 1, and we make 
one of the two additional hypothesis 



(4.4) 



^11 l^vgf dvdxdt < Ct,r 
Jo Jor 



or 



(4.5) vf f \Vyg\^liM<\g\<M+i}dvdxdt<CT,R VM > 0. 

Jo Jor 

Remark 4.1 The hound |4.5| ) is the natural hound that appears when we consider, for example, 
the initial value prohlem with initial datum go € LP{0) when fi = or when ft is an open suhset 
o/M^ and specular reflections are imposed at the houndary. 

In the second case, we assume that g is a renormalized solution of (j4.ip . In order to make 
precise the meaning of such a solution, we must introduce some notations. We denote by Bi the 
class of functions (3 g W'^'°°{M.) such that (3' has a compact support and by B2 the class of functions 
/3 G W;^'^(R) such that /3" has a compact support. Remark that for every u G L{Y) and /? S Si 
one has (3{u) G L°°{Y). We shall write g G C([0, T]; L(0)) if ^{g) G G{[0,T]] Ll^iO)) for every 
PgBi. 
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We say that g e i((0, T) x O) is a renormalized solution of (14.11) if for all /3 e Si we have 

(4.6) E e L\Q,T-Wll{0)), [3'ig)Ge Ll,{[0,T] x 6), i^(3"ig) |V„.gp € iL([0,T] x O), 
and /^(g) is solution of 

(4.7) A£;/3(5) =/3'(g)G-i./3"(g)|V„g|2 in P'((0, T) x O). 

We can now state the trace theorems for the Vlasov-Fokker-Planck equation (|4.ip . 



Theorem 4.2 (The case p = oo). Let g e L°°{[0,T] x O) be a solution of equation ^^-^J^- 
|^./^[ ). There exists 75 defined on (0,T) x S and for every t € [0,T] ttere exists jtg G L°°{0) such 
that 

(4.8) 7t3e^^([0,r];L?„,((5)) Vae[l,(X)) arid 73 e L°°((0, T) x S), 
and the following Green renormalized formula 

(4.9) /Y/ (/5(g)A^;^+(/3'(5)G-i./3"(g)|V,5l')0)^^^^da;dt = 

/3{g(t, .)) (j)dxdv + / // g) (f) n{x) ■ v dvdaxdt, 

/loMs /or an to, h £ [0,T], aZ/ /3 e VFf„c°°(M) and a/Z test functions 4> G X'([0,r] x (5). 

Remark 4.3 ^ fundamental point, which is a consequence of the Green formula {4-9^ , is the 
possibility of renormalizing the trace function, i.e. 

(4.10) ^p{g)^p{jg) 

for all j3 e M^^'°°(R). More generally, |^ . _? 0[ ) holds as soon as j I3{g) is defined. This is the property 
that will allow us to define the trace of a renormalized solution. 

Theorem 4.4 (The case p e [l,cxo)). Let g e L°°{0,T] L^^^{0)) be a solution of equation i4.2^ - 
l^.gp - fT^ . There exists jg defined on (0,T) x S and for every t S [0,T] there exists ^tg G Lp{0) 
such that 

(4.11) jtgeCi[0,T];Ll,{O)) and ^ g e Ll,{[Q,T]x^,d\^), 

and satisfy the Green formula for every to,ti £ [0,r], every (3 Bi and every test functions 

4> € T>{[0,T] X O), as well as for every to, ti e [0,r], every j3 £ B2 and every test functions 
<j) e Vq{[0,T] X 6), the space of functions (j) G V{[Q,T] x 6) such that cf) = on (0,T) x Eo- 

Theorem 4.5 (The renormalized case). Let g e L{{0,T) x O) satisfy the bound condition 
114.6^ and the equation 7[ ). Then there exists 75 G L([0,r] x S) and for every t € [0,T] there 
exists "ftg G ^'([O, T]; L{0)) which satisfy the Green formula (^TPp for all to, ti € [0, T], all /3 £ Bi 
and all test functions (f> € T>{[0,T]xO). Furthermore, if 7| ) makes sense for at least one function 
j3 such that l3(s) 00 when s 00, then jtg G L'^{0) for any t € [0,r] and jg G L'^{[0,T] x E). 

4.2 Proof of the trace theorems 

We begin with some notations. For a given real i? > 0, we define Br ~ {y E / \y\ < R}, 
Qr — flf] Br, Or, — riR, X Br and T,r — {dil Ci Br) X Br. We also denote by i^'' the space 
L-{0,T;L\Or)) or L-{0,T; L^iilR)), and L'^'l the space L-{0,T; Ll^{6)) or L-{0,T; Ll^{n)). 

Proof of Theorem \4.2\ First step: a priori bounds. In this step we assume that g is a solution 
of dH]) and is "smooth". Precisely, g G W^'^{0,T; W^'°°{n; W^^^^CR^))), in such a way that the 
Green formula (|4.9p holds. The trace 73 in ()4.9p is defined thanks to the usual trace theorem 
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in the Sobolev spaces. We shall prove two a priori bounds on g. Let us define /3 € ^(oc°°(^) 

^ . (\s\- 1/2 if |s| > 1 ^ / ^ ^ f - ^ / if \s\ > 1 

by = I ^2^2 if|s|<l so that /3'(s) = j .s if l^l < 1 and = | ^ if |s| < 1 ' 

and thus /3 G Bi. Fix i? > and consider x G I?((9) such that < x < 1, x = 1 on Ob. and 
suppx C Or+i. We set = X "-(2;) • v. The Green formula (|4.9I) gives 



Pil 9) X {n{x) ■ v)'^ dvdaxdt = — / / (3{g{t, .)) (f)dxdv 







J Jo 



(/3(g) A^^ + (/3'(.9) G - z./3"(5) |V„ g\^) 0) 



We deduce from it a first a priori bound: there are some constants and Cr such that 



i-T I. I. nT 



\^ g\ {n{x) ■ vY dvddxdt < / / (3{j g) {n{x) ■ v)'^ dvdaxdt 

J J'Sr Jq J JT.R 



(4.12) <Cr( ff {g^l + \E\) + \G\+i^\V,g\^)dvdxdt 

Jo J JOr+1 



+Cb {g\Q,.)+g\T,.))dxdv, 

J JOr+1 

where we have used the fact that for u E L°°iYii) with Yr = Or or J^r there holds 



IR / \u\ < P{u) < 7^ 

JYr Jyr Jyr 



Let if C O be a compact set and consider S 15(0) such that 0<(?!)<l,</>=lon/ir and 
i? > such that supp 4> cOr. We fix S [0, T]. The Green formula (|49| implies 

(4.13) JJ^(3ig{h,.))<j,dxdv ^ jj^l3{g{ta,.))(j)dxdv 

+ r ff W ^*E<P + (/3'(ff) G-iy P"{g) | V„ g\^) 4>) dvdxdt, 

J to J Jo 

and we get a second a priori bound 

(4.14) 7fl, /"/ \9Kti,.)dxdv < Cr[[ g^{to,.)dxdv 

Cr f ff {g^ (1 + \E\) + \G\+!y |V„ .gp) dvdxdt. 



Second step: regularization and passing to the limit. Let us now consider a function g which 
satisfies the assumptions of Theorem 14.21 We define the mollifier pk by 

Pfc(z) = fc^p(fcz) > 0, fceN*, pGl>(R^), supppcBi, / p{z)dz = l, 

and we introduce the regularized functions gk — 9 *x,k Pk *■« P/c, where * stands for the usual 
convolution and -kx^k for the convolution-translation defined by 

{u-kx,k hk){x) ^ [T2n{x)/k{u* hk)]{x) ^ f u{y) hk{x - j n{x) - y) dy , 
for all u e Lj^ci^) and hk G i^(K^) with supp/ifc C Bi/j,. 
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Lemma 4.6 With this notation one has gu e W'^'^{Q,T;W^^°°{n-W'^'^{R^))) and 

^E9k=Gk m V'{{0,T)xO), 
with Gk €E LI^^{{0,T) X O) for all fc e N. Moreover, the sequences (g^) and (Gk) satisfy 
(gk) is bounded in L°°{{0,T) x O), gk — > g a.e. in (0,T) x O, 
. Vygk^^vg tnLl^i[0,T]xd) and Gk ^ G m LI^{[0,T] x O). 



(4.15) 



The proof of Lemma l4!6l is similar to the proof of [55, Lemma 1] and of [361 Lemma ILl] to which 
we refer. 

From Lemma [4.61 we have that for all k,£ E N* the difference gk — ge belongs to W^'^ (0,T; 
W^^°°{n; W^'°°{R^))) and is a solution of 

AE{9k-9e)=Gk-Ge in V'{{0,T)xO). 

We know, thanks to (|4.15p . that gk{t, .) converges to g{t, .) in Lf^^{0) for a.e. t G [0,T]; we fix 
^0 such that gk{to, ■) — >■ 9{to, •)■ Moreover, up to a choice for the continuous representation of gk, 
we can assume that gk £ C([0, T], Ll^^{0)). Therefore, the estimate (|4.13p applied to gk — gi in to 
and the convergence (|4.15p imply that for all compact sets if C O we have 

(4.16) sup \\{gk-gi)(t,.)\\L^K)^^^ 0. 

te[0,T] fc.J'^+cx, 

We deduce from this, that there exists, for any time t £ [0, T], a function ^tg such that gk{t, ■) 
converges to jtg in G{[0,T]; Lj^^^O)); in particular, 

g{t, X, v) = 7tg(x, v) for a.e. {t, x, v) € (0, T) x O. 

Thus, we also have gk{t, ■) — (7* g) *x.k Pk *v Pk a-e. in (0, T) x O, and since these two functions 
are continuous, the equality holds for all {t, x, v) € [0, T] x O and k e N*, so that gk{t, ■) ^ ^tg in 
LL('5)forante[0,T]. 

Using now the estimate (|4.12p . applied to gk — gt, and the convergence (|4.15p and (|4.16p we get 

that 

r r 

\l9k - igi\ {n{x) ■ vY dvda^dt — > 0, 

k,(^ + oo 

for all R > 0. We deduce that there exists a function 75 e Ljg^{[0,T] x E, • v)'^ dyda^dt), 

which is the limit of "fgk in this space. Moreover, since ||75fc||L=° < ||.9fe||L=° is bounded, we have 

7geL-((o,r) xO). ■ 

Finally, we obtain the Green formula (j4.9l) writing it first for gk and then passing to the limit 
fc — >■ cxD thanks to the convergence previously obtained. Uniqueness of the trace function follows 
from the Green formula. O 



Proof of Theorem \4.5\ The proof is based on Theorem 14.21 and on a monotony argument. This is 
exactly the same as the one presented in [5B] in the case of Vlasov equation. Let (/?m)m>i be a 
sequence of odd functions of Bi such that 



/3m (s) = 



s if se[0, M] 

A/ + 1/2 ifs>Af + l, 



and |/3m(5)| < |s| for all s G R. The function am{s) :— /3a/(/3m+i(*))' '^i*'^ convention 
ctM{s) = M + 1/2 if s > M + 3/2, is well defined, odd and also belongs to Bi. We will construct 
the trace function 75 as the limit of (7/3m(s')) when Af — > cx), that one being defined thanks to 
Theorem 14. 2 1 Indeed, the condition ()4.5p implies that 



V„gl|<,|<M+ieiL([0,T]xa), 
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and then ^vPuig) — P'M{9)^vg G L'j^^{[Q,T] x O) in such a way that Pnig) satisfies the as- 
sumption on Theorem 1121 We define T^^'^ = {{t.,x,v) G (0,r) x S, ±7/3Af x,v) > 0} and 
r^*^-* — {{t,x,v) G (0,T) X S, 7/3j\/((7)(t, X, w) = 0}. Thanks to the definition of aM and the renor- 
malization property (|4.10p of the trace, one has "f l3M{g) — J ctMiPm+iig)) = ctMil hi+iig))- We 
deduce that, up to a set of measure zero, 

rW = r(+\ ri7'=r(-) and ri°' = r(°) foraiiM>i. 

Therefore the sequence (7/3Af ((7))m>i is increasing on F^''^' and decreasing on t[ \ This implies 
that Pnig) converges a.e. to a limit denoted by 7(7 which belongs to L([0,T] x S). Obviously, 
if (|4.7p holds for one function (3 such that j3{s) /• +00 when s /• ±00, then /3(75) G L^((0,T) x 
I],(iA2) and 75 G L°((0,T) x E). In order to establish the Green formula (j4.9p we fix /? G Si and 
(/) G 2?((0, T] X O). We write the Green formula for the function [3{PM{g)), and using the fact that 
l[Po /3Af(g)] = Pi-iPMig)), we find 

(/3 ° /3M(ff) {^+v-VA + E- V„0) + (/3 o /3M)'(g) G0) = 
/■^ /■ /■ 

l^il Puig)) 4>n{x) ■ vdvdcTxds. 

s 

We get (gS]) by letting Af 00 and noticing that (3 o /3a/ (s) ^ /3(s) for all s G R. O 



Remark 4.7 Theorem \4-4\ now; a guite simple consequence of Theorem \4-5\ using the a priori 
bounds stated in the proof of Theorem \4-^ Let us emphasize that with the additional assump- 
tion 14. 4p in hands, it is possible to give a direct proof of Theorem \4-4\ (following the proof of 
Theorem \4.^ instead of passing through the renormalization step. See 155] for details. 

Proof of Theorem For all /3 G 61 it is clear that 13(g) G L°°, Vy/3(g) G and that /3(g) 
is solution of (|4.7p using Lemma [5.51 below (we just have to multiply equation (j5.20p . in the case 
= 0, by /3'{gk) and to pass to the limit k — >■ 00). Thanks to Theorem 14.51 we already know that 
g has a trace 7417 G L{0) and jg G L((0,T) x O) which satisfies the Green formula (|4.9p for all 
/3 G Ki and (j) G 2?([0,T] x O). We just have to prove that 75 and 743 belong to the appropriate 
space. On one hand, for all /3 G Si such that \/3(s)\ < \s\ one has 

\\l3i7tg)\\Ll < sup sup \\(3(gkit, .))\\lp < sup \\gk(t, .)\\lp < HsIIl--", 

k [0,T] [0,T] " 

and thus, choosing (3 = Pm, defined in the proof of Theorem 14. 5[ one gets, passing to the limit 
M -> 00, 

sup \htg\\L-„ < llffllL"'" < 00. 
[0,T] 

In the same way and using (j4.12p . we show that 

ll75lUi([0,T]xSR,<iA2) < oo- 

We still have to prove that jtg G C{[0,T], Ll^^(O)), which is an immediate consequence of the 
following Lemma. □ 

Lemma 4.8 Let (u„) be a bounded sequence of L\^^{0) such that I3(un) P{u) in (Cc(0))' for 
all (3 £ B2. Then u„ u in L]^^{0). 



Proof of Lemma [4.81 We fix j : M — > M a non-negative function of class C^, strictly convex on 
the interval [~M,AI] and such that j"{t) — for all t ^ [— M, M]; in particular j G 82- We also 
consider x G C'c(C) such that < x < 1- By assumption 

(4.17) / j(w„)x-^ / j{u)x 

Jo Jo 
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and by convexity of j one also has 

(4.18) liminf / j(!^)x> / j{u)x since !^ - u in (^(O))'. 

n^oo Jo ^ Jo 2 

Remarking that 

(4.19) \3{t) + i j(^) - j(^) > Vi, s e M, 
we deduce from (|iT7)) and ((i?T5)) that 

(4.20) X^^^'^"") + ^ J(-) - X ^ 0. 

From the fact that in (I4.19P the inequality is strict whenever i, s e [— M, M] and i ^ s, we obtain 
from (|4.20p that there exists a subsequence (u„^) such that — ;> -u a.e. on suppxH < M]. 
The preceding argument being valuable for arbitrary M and Xi we obtain, by a diagonal process, 
a subsequence of (u„), still denoted by (««(,), such that Un^ — ?> w a.e. in O. 

We now set j±{s) = s±. We first remark that we can write j± = j±^i + j±,2 with j±^i G B2 
and j±,2 e VF^'°°(M) in such a way that 



J±(u«Jx^ / J±(u)x. 
o Jo 

On the other hand, the elementary inequality | & — |a — 6| | < a Va, & > and the dominated 
convergence Theorem imply j±{un^) — |j±(wrn.) — J±(")l ^ J±(^) in ^Lc(^)- follows that 

limsup / b±(u„J - j±(u) |x = / j±('«)x- lim / j±("TiJx = 0. 

fc->oo Jo Jo fc^°oJo 

We conclude that m„j. = j+(u„^) — j_(it„^) — )■ i+(u) — j-{u) = u strongly in L]^^{0) and that, in 
fact, it is the whole sequence (w„) which converges. O 

5 Renormalized convergence for the trace functions sequence. 

We present now a quite general stability result in both the interior and up to the boundary for a 
sequence of renormalized solutions to the Vlasov-Fokker-Planck equation in a domain. This will 
be a key argument in the proof of Theorem 11.21 In some sense, this result says that renormalized 
convergence, as well as the a.e. convergence, can be propagated from the interior to the boundary. 
Notice that it is not clear that a similar result holds for the i-'^-weak convergence. 



Theorem 5.1 Define B3 as the class of functions ofWi^^{R) such that |/3'(s)| (l + s)-i e L°°(R). 
Consider three sequences (gn), (En) and (G„), with Gn — ~ G^ , G^ > 0, which satisfy for 
any renormalizing sequence {um) in and for any l3 €z B3 the convergence assumptions 

(5.1) g„ g weakly mi°°(0,r : L\0)), 

(5.2) En-^ E strongly in L^{{0,T) x il), uniformly bounded in L^{0,T;W^''^{n)), 

(5.3) aM(5n) Gt ^ G± weakly m L\{0,T) x Or), 

with G^j /■ G^ a.e. and ^\g)G^ E L^{{0,T) x Ob), 

as well as the renormalized Vlasov equation 

(5.4) A£;„/3(5„) = /3'((7„)G„ in V'{{0,T) x O), 
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for which each term clearly makes sense thanks to I15.1\) - ^K^) . Then g £ L°°{0,T; L^(0)) is a 
solution of 

(5.5) AEP{g)=P'{g)G in V'{{0,T)xO), G ^ G+ - , 

for any j3 £ B^. Furthermore, the traces 75,1 and 73 defined thanks to the Theorem \4.5\ satisfy 

(5.6) ign~^ig in the renormalized sense. 

Proof of TheoTem \5.1\ The proof is essentially the same as Step 2 in the proof of [5S1 Proposition 
5] and as the proof of Theorem l2.9l Nevertheless, for the sake of completeness, we sketch the main 
arguments. 

Step 1 . Up to the extraction of a subsequence, we have gn g thanks to (j5.ip and Lemma 12. 7[ 
and there exists 77 S L{{0,T) x S) such that ^gn-^'H thanks to Proposition 13.21 More precisely, 
there exists two sequences (aj\/) and (7m) and such that 

(5.7) 0iM{gn) ^ aM cr(i°°,i^) * and um /■ g a.e., 

(5.8) oiM{ign)^lM (t{L°° ,L'^) and Jm /■ V a.e.. 

The Green formula (|4.9p associated to the equation (|5.4p with /3 = implies 

{aMign)A*E(f + a'Mign)G„f) dvdxdt ^ / // UMil gn) V n{x) ■ v dvda^dt, 



J JO 



for any Lp G 2?((0,T) x O). Passing to the limit M 00 with the help of (|5J|) . ([52]), (|5?3| in the 
above identity, we obtain 

(5.9) AfiftM = Gm ■■= G+ - Gl^ in I?'((0,T) x O), 

and 7q:m = 7Af thanks to the trace Theorem 14.21 and the convergence (j5.8|) . 

Step 2. For a given function /3 g S3 n we write the renormalized Green formula (|4.9p 
associated to the equation (|5.9p as 



(5.10) / // (/3(aM) A^(^ + /3'(Q!j\,f ) G'A./(y3) (iu(ia;(ii = / // f3{'-fM) f n'{x) ■ v dvda^dt, 
Jo J Jo Jo J Jt. 

for any ip £ 2?((0, T) x (9). Using that (ciAf), (G^^ ) and (7m) are a.e. increasing sequences we have 

(5.11) /3(aM)//3(5), /3'(aM)G± ^/3'(5)G± in ii((0,T)xO) 
as well as 

(5.12) /3(7m) /3(?7) a.e. and uniformaly bounded in i:°°((0,T) x O). 
Passing to the limit in (IS.lOp with the help of (|5.1ip and (|5.12l) we obtain 

(( {l3{g)A*Eip + l3'{g)Gip)dvdxdt= [ [[ l3{rj) (p n{x) ■ v dvda^dt, 
/o J Jo Jo J Jt. 

which precisely means that 77 — 73. We conclude by gathering that information with (j5.8l) . O 

Theorem 5.2 Consider three sequences {gn), {En) o,nd {Gn) which satisfy, for all l3 £ B^ the 
class of functions ofW^^^{R) such that \l3'{s)\ {l + s)-^ £ i°°(M) and \l3"{s)\ {I + s)-^ £ L°°(K), 

(5.13) gn — ^ g strongly in L^{{0,T) x O) and is uniformly hounded in L°° {Q,T; L^{0)), 

(5.14) £;„ ^ E weakly m L\0, T; Wl^^{0)), 

(5.15) l3'{gn)Gn P'{g)G weakly in L\{0,T) x Or), > 0, 



(5.16) r I rZl^ dvdxdt < Ct, 

Jo Jo 1 + 9n 
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as well as the renormalized Vlasov-Fokker-Planck equation 

(5.17) A£„/3(5„) =/3'((7„)G„-i//3"(5„)|V„g„p inV'{{0,T) x O), 

for which each term makes sense thanks to i5.1c)\) - \5.16\) . Then g G L°^(0,T;L^{O)) is a solution 
of 

(5.18) AEf3{g)^l3'ig)G~,yp"{g)\V,g\' mV'{{0,T)xO) 



for all (3 £ B4. Furthermore, the traces ^gn and jg defined thanks to the Theorem \4-5\ satisfy 

(5.19) 19n~^ig in the renormalized sense, and •y^gn ^ 'y+g a.e. 
We shall need the following auxiliary results in the proof of Theorem [521 

Lemma 5.3 Let (u„) be a bounded sequence of L^{Y) such that Un ^ u weakly in LF'{Y). Then, 
there exists fj, € {Cc(Y)y , a non-negative measure, such that, up to the extraction of a subsequence, 

\un\'^ |up + M weakly in (Cc(F))'. 

Lemma 5.4 For any 9 € (0, 1) and M e (0, 00) we set 

^ ^ , ^ f l/eie"" - 1) if s < M 

and /3(s) := /3i(s) = log(l + s). Then 

' *'(s) > 1, $0 I3{s) / s when M /• 00, 9 /• I, 

l-6' + p(''-i)*^ Vs>0. 

and < -($o/3)"(s) < — 

1 + s 

Lemma 5.5 Let g e L°°(0, T; L^^^(O)) be a solution to the Vlasov-Fokker-Planck equation 

(5.20) Asg^G + fi inV'{{0,T) X O), 

with E e Li(0,T; Vr/^f (O)), G G Ll^{{0,T) x O)) and fi € V'{{0,T) xO), n> 0. For a given 
mollifer pj. in M.^ , we set 

gk ■= g *t Pk *x Pk *v Pk and pk ■= p *t Pk *x Pk *v Pk- 

Then g^ satisfies the Vlasov-Fokker-Planck equation 

A-E gk = Gk + Pk in all compact set 0/ (0, T) x O, 

with Gk-^G strongly m Ll^{[0,T] x Oj). 



The proof of Lemma 15.31 is classical, the one of Lemma 15.41 is elementary, and we refer to [35] for 
the proof of Lemma [STSl 

Proof of the Theorem \5.2[ Step 1: Proof of ^5.18]) . This step is inspired from [35] and it is clear from 
the theory of renormalized solution [36] that it is enough to prove (|5.18p only for /3(s) :— log(l + s). 
With the notation /i„ := /3((7„) and h = [3{g) we have Vt,/i„ = \/—P"{gn) '^vQn 1/— /^"(f?) V^g = 
Vijft. weakly in i^((0,T) x O) so that, thanks to Lemma [5.3[ there is a bounded measure /i > 
such that, up to the extraction of a subsequence, |V„/i„p ^ |V„/ip + p weakly in T>'{[Q,T] x O). 
Passing to the limit n — )■ 00 in (|5.17p we get 

As /3(.g) = P'{g) G ~ /?"(<?) |V,5p + p in 2?'((0, T) x O). 
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We just point out that 



i;„/3((7„) ^Ep{g) weakly in L\{Q,T) x O), 

since /3(5„) ^ /3(.g) strongly in 2.2(0, T; LP{0)) for allp < cx) and £;„ ^ E weakly in ^^(o, T; L?(0)) 
for every g e [1, iV/(A^ - 1)). We prove now that ^ = in (0, T) x O. 
With the notations introduced in Lemma 15.41 and Lemma 15.51 we have 

Ke Hhu) = '^'{hk) i^'ig) G - (3"{g) jV^gp) - <^"{hk) \W,hk\^ + <i>'{hk) Pk- 

Using that $' > 1 (thanks to Lemma [5^ and passing to the limit k oo (thanks to Lemma [575)) . 
we get 

Ae (<f o I3){g) > $'(/3(5)) 13' {g) G - 13" {g) + ^"{(3{g)) {f3'{g)f) \V,gf + p 

and then 

(5.21) Ae ($ o I3){g) - ($ o /3)'(g) G > o /3)"(.g) \V,g\' + /i in I?'((0, T) x O). 

In order to have an estimate of the left hand side we come back to equation (j5.17p . and we write 

Ae„ $ o /3(g„) = ($ o /?)'(.g„) G„ - o /3)"(g„) | V,5„|2 in 2?'((0, T) X O) 
since $0/3 e B^. Then, for all x G ^'((O, T) x O such that < x < 1 we have (thanks to Lemma[5 



JO 



($ o (3{gn) Ae„ X + ($ o 13)' {gn) G„ x) dvdxdt 



($o^)"(5„) |V„(7„Pxrf"c?a;rfi 







< 1-i 



= (f-l)Afi 







|Vt-gn| 
1 +5r7 



■ dvdxdt. 



Passing to the limit n — )■ 00 we get, thanks to ()5.16p . 



JO 



{^o (3{g)AEX + {'^° Py {9) Gx) dvdxdt < [1 - S + ef^^^) G 



Then, coming back to ()5.2ip . we have (thanks to Lemma [5.41 again) 



Jo 



Jo 



($ o /3(g) Ab X + (<f ° /3)'(5) G X + ($ o /3)"(<7) | V.gp) 



< 2 [1-6* + *^]Gt V6I e [0,1], Af > 0, 



and letting M — )■ (X) and then — )■ 1 we obtain /i = on supp x, which is precisely saying that 
= on (0,T) X 0. 

Step 2; Proof of (EM- We fix e X>((0,T) x 6) such that < </) < 1. By definition of 7g„ we 
have 



$ o /?(7 g„) n{x) ■ V dvddxdt 



($ o f3{g,,) Ae„ X + ° /3)'(.gn) Gn x) dvdxdt 



{^o/3y'{g,,)\^,g^W dvdxdt < [l-0 + e(^-l) 



-1) Afi 



JO 



JO 



1 +5n 



dvdxdt. 
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We note $ o /3 the L^-weak limit of $ o f3{'j gn). Passing to the hmit n — >■ oo we get 



^ o /3 (f) n{x) ■ V dvdaxdt 



Jo 



($ o /3{g) Ab X + ° Gx) dvdxdt 



< 



and thus 



o p 4) n{x) ■ V dvdaxdt ~ I I [^of5{g)KEX 



JO 



+ (($ o G - o p)"{g) |V„g|2) x] < 2 [1 - ^ + e^^-^^ Ct- 



Once again, by definition of 717, we obtain 

i-T 



($ o /3 - $ o /3(7 g)) 4> n{x) ■ V dvdaxdt < 2 [1 - 61 + e^^^^^ Ct 



0, 



and <I> o /? r-limjgn since $ o /3(s) s when M 00, \, 1, so that 75 = r-lim^gn- 

In order to prove the a.e. convergence we only have to show, thanks to Proposition 13. 51 3. that, 
up to the extraction of a subsequence. 



(5.22) 



r-liminf l3{-f+gn) > l3{-f+g). 



Using Lemma [5.31 and the first step, we can pass to the limit in ()5.17p . up to the extraction of a 
subsequence, and we get 

P n{x) ■ V dvdaxdt ^ f f (pig) Ae X + W {9) G + p" (g) \V ,g\^ + ti) x) dvdxdt 
JJn Jo Jo 

{P{l9) n{x) ■ V + ^) (j) dvdaxdt, 

where /3 = w-lim/3(7(7„) is the weak hmit in i^((0, T) x E) of /3(7(7„). We deduce that /3 n{x) ■ v = 
P{l9) n{x) • f + /i on (0, T) X E, and in particular 

^>/3(7+5) on (0,r)xS+. 

Since r-liminf f3{-f+gn) = /?, that ends the proof of (|5.22p . O 



6 Boltzmann, Vlasov-Poisson and Fokker-Planck equations 

In this section we derive the a priori physical bound, then make precise the exact meaning of 
renormalized solution we deal with and finally state and present a proof of the corresponding 
stability results. In order not to repeat many times the exposition, we consider the full Vlasov- 
Poisson-Fokker-Planck-Boltzmann system (VPFPB in short) 

(6.1) ^+vS/xf~diY,{{VxVf + Xv)f)-iyA^f^Q{fJ) in (0,c»)xO, 

where > 0, A G M, Q{f, f) stands for the bilinear Boltzmann collision operator and Vf is given 
by the mean of the Poisson equation 

(6.2) -AVf^pf.^ [ fdv in (0,cx))xO, Vf = on {0,oo) x dfl. 
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We do not give the explicit expression for Q{f, f) that we may find in for example. The 

precise assumptions we make on the cross section are those introduced in [37] . We only recall that 
the collision operator splits into a gain term and a loss term, /) = Q~^{f, f) — Q~{f, /), that 
it has the following collision invariants 



(6.3) / QifJ) V \ dv^O, 




and that the so-called entropy production term e(/) > satisfies 
(6.4) / e{f)dv = - [ QifJ) log fdv. 



Moreover, it has been established in [37] the following estimate 

(6.5) yR>03CR<^ f 9^^illl dv < Cr f [{l + \v\-')f + e{f)]dv, 

J Br + / JR« 

and in [65] (we also refer to [52] for a related result) the more accurate estimate 

(6.6) yR>0 3CR<oo [ \9^d^dv<CR[ [{l + \v\^)f + e{f)]dv. 

J Br V-L + J JR« 

We assume furthermore that / satisfies the boundary condition (jl.ip and the initial condition 
(|1.8|) . where /m is assumed to verify (|1.9|) . as well as the following additional bound when v > Q: 

dn. 



(6.7) / \V^Vf^J^dx <oo with -A^V7,„= / f^nix,v) dv on n, Vf^^ ^ 

Lemma 6.1 For any non-negative initial datum fin such that il.9\) - (U77^ holds and any time 
T e (0, oo) there exists a constant Ct G (0,oo) (only depending on T and on fin through the 
quantities Co and jV^: ||i2 j such that any solution f to the initial boundary value problem 
fOp-f^l^-lCIip-fZIS) satisfies (at least formally) 



(6.8) sup|// f{l + \v\'' + \\ogf\)dvdx+( \V.,Vf\^dx\ 



+ 1 j j {e{f) + v^^^)dvdxdt<CT, 



J Jo 



as well as 



daxdt < Ct, 



where £ is defined in !il.l3\} . It is worth mentioning that the second estimate in i6. 9\) is an a 
posteriori estimate which we deduce from the interior estimate i6.8\) and a Green formula. 



Proof of i)6'.8)) in Lemma \KJ\ We claim that for / sufficiently regular and decreasing at the infinity 
all the integrations (by parts) that we shall perform are allowed. 

First, we simply integrate the equation (|6.1|) over all variables, and we get the conservation of mass 

f{t, .) dvdx = J J fin dvdx Vt > 0. 
Next, setting hM{s) = s log(s/Af) and E — V^V/, we compute 

^/im(/) + V ■ V^huif) + div,((£; + Xv)hMif)) -vA,hM{f) = 

= KAf) Qif, f)-^ Kiif) \^vf\'- fiE + Xv)- v„(iogM) 

+X{hM{f) ~fh'j,,{f)) + 2iyVJ- V,(logM) + / A„(log M), 
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where h'j^j{s) = 1 + log [s/M). We integrate this equation over the x, v variables using the collision 
invariants (j6.3p and the entropy production identity (I6.4p . to obtain 



(6.10) ^ jj^ hMif) dvdx + jj^{<f) + V ^^y^) dvdx + / / hMilf) V ■ nix) dvda. 



E-^dx 



o 



where 

j{t,x) = / vf{t,x,v)dv. 

We first remark that integrating equation (|6.ip in the velocity variable we have 

d 



g-p + divx j = on (0, oo) x fi, 



and therefore 



(6.11) - / E-^dx= / VVrUx= I Yl^dx^^ f ^^dx. 

^ ' ' e .la ^ Q .la e dt dt ./o 2 e 



Next, combining (|6.10p . (|6.1ip and the boundary estimate (|2.5p we obtain 



+a / £(7+ /) do, < Ca.. / / (1 + \vV) f dvdx. 
Jan J Jo 

Here and below, we set a = a in the case of the constant accommodation coefficient ()1.2p and a 
is defined just after equation (|1.6p in the case of mass flux dependent accommodation coefficient. 
Using the elementary estimate (|2.6p and (|2.7p we conclude that (16. 8p holds, as well as the first 
estimate in (j6.9p . 

In order to prove the second estimate in (16. 9p . we fix x G I?(K^) such that 0<x^l:X = l 
on Bi and suppx C B2 and we apply the Green formula (|4.9p written with (/> = ^(x) • uxl"*^) a-nd 
/3(s) = ^/TTl. We get 



i-T 



(6.12) / // ^/l+^{n{x)-vfxdvda,dt= // + 7/ rf^^^a; 

Jo J Jt. ^J Jo 

(•T _ _ ^ 

) dvdxdt 



+ / • + (Va;Vf + Aw) • V.„ + Ai, + a)( 

dvdxdt. 



JJo 

70 i7oV2(l + /)V2 + 4 (l + /)3/^ 

Thanks to (|6.8p and (16.61) and because V^jc/) € -D^0 S we see that the right hand side 
term in (|6.12p is bounded by a constant denoted by C'j- and which only depends on Gt defined 
in (j6.8p . On the other hand, from the boundary condition (|l.ip - (|1.2p or (jl.ip - (|1.6p . we have 
7 / > aM{v)j_^f on (0,r) x S_. Therefore there is a constant > such that 



/7 "fufda^dt < fff ^ a^'^M^/\v)x{n{x)-vfdvda,dt 



/O JdO. Jo J 

< / // ^/7-/x("(a;)■v)'(i^;da,(i^<C^, 



30 



which ends the proof of (|6.9p . □ 

We can now specify the sense of the solution we deal with. With DiPerna and Lions [3S], [571l38| . 
[52] we say that < / e C {[0, oo) ; L^{0)) is a renormalized solution of (l6lI|-(l6^-([rT|)-([r8l) if 
first / satisfies the a priori physical bound (16.81) and is a solution of 



(6.13) ^/3(/) + V ■ V.,p{f) + {V^Vf + Xv)- V^Pif) - V A^^if) - 

-/5'(/)(Q(/,/) + AiV/)-;^/3"(/)|V„/p in V'{{0,T)xO), 

for aU time T > 0, and aU (3 £ B5, the class of aU functions /S e C'^{R) such that \(3"{s)\ < C/(l + s), 
< C/yTTs, Vs > 0. Thanks to (|6^ (and ^^M ) we see that each term in equation ([6TT3)) 
makes sense. Next, the trace functions /(O, .) and 7/ defined by Theorem 14 . 5 1 through the Green 
formula ()4.9p must satisfy ()1.8p and ()l.ip . say almost everywhere. Finally, we will always assume 
that 7/ satisfies the additional bound ()6.9p . 

Our main result is the following stability or compactness result. Once again, in order not to repeat 
several times the proof, we establish our result for the full VPFPB system and the full VPB system, 
the same holds for the same equation with less terms. 

Theorem 6.2 Let (/„) be a sequence of renormalized solutions to equation i6.1\) - ![U7^) such that 
the associated trace functions 7/„ satisfy U.l]) . with the linear reflection operator when v — Q 

and a possibly mass flux depending accommodation coefficient when v > (FP type models). 

Let us furthermore assume that both the sequence of solutions (/„) and the trace sequence {"^fn) 
satisfy ( uniformly in n) the natural physical a priori bounds 

(6.14) supj// f,,{l + \v\'' + \\ogf^\)dvdx+ ( \VxVfSdx\ 
[o,T]^JJo Jn J 

(e(/„) + 1^ ^I^) dvdxdt + r f £ (^^) da^dt < Ct. 
' /" Jq Jan V ^''^ / 

If fn{0, .) converges to fin weakly in L^{0) then, up to the extraction of a subsequence, /" converges 
weakly in LP{0,T; L^{0)) for all T > and p G [l,oo) (the convergence being strong when v > 0) 
to a renormalized solution f to i6.1\) - l[U7^) with initial value fin and which satisfies the physical 
estimates I16.8\) . Furthermore, for any e > and T > 0, there exists a measurable set A C 
(0,r) X dn such that meas{{0,T) x dn\A) <e and 

l+fn^%f weakly in i^(A x M^, dAi), 

(the convergence being strong when v > Q). As a consequence we can pass to the limit in the 
boundary reflection condition ( and hl.0() when v > Q), so that the trace condition is fu{ 

and the trace estimate id. 9\) holds. 



Proof of the Theoreni \6.2[ From (|6.14|) we deduce, extracting a subsequence if necessary, that /„ 
converges weakly in L^(0, T; L^{O j) (Vp G [1, 00)) to a function / and that the local mass density 
Pn = Pf„ satisfies (see [52] ) 

sup / pn{l + I logp„|) dx < Ct. 
[o.T] Jn 

In the case = 0, using the velocity averaging lemma of [42l [39] and the standard properties 
of the Poisson equation, we also show (see for instance [52] and [62] ) 

p" — > pf in LP{0,T;L\n)) and Va^Vf — > V^Vf in LP{0,T;W^-^ n L^iVl)) 
for all T G (0, cxd), p G [1, oo) and a G [1, 2). It is also shown in [52^ that 

^^^h^in ^ 0^* weakly in Li((0,T)xOfl) and Q± ^ Q±(/, /) a.e. 

L -\- J n—^oo 
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In the case > 0, since the term on the right hand side of equation (j6.13p is bounded in L^, 
thanks to the uniform estimate (|6.14l) . and since A^^^^ is an hypoelhptic operator (see [35], |15) . 
[49]). we obtain that, say, log(l + /") and next /" converge a.e. (see [14] and [35]). We conclude 
that r f strongly in LP(0, T; L^O)), Vp G [1, oo). It is also shown in [35] that 



Therefore, using Theorem [571] or Theorem l5.21 we obtain that / satisfies the renormalized equation 
(|6.13p (first for renormahzing function (3 G B4 and next for (3 G B^) and that 

ifn —^7/ in the renormahzed sense on (0,T) x E, 

as weU as 

7/n -> 7/ a.e. on (0, T) x S, 

when ly > Q. It is worth mentioning that / also satisfies the physical estimate (|6.8p . see [35 ] [38 ] [52] 
Next, from (|l.ip we have 

^n<a-' M-\v)j_U on (0,T)xS_, 

so that 

\fn^Tp in {0,T)xdn, with tP < M-\v) j_ f. 

Furthermore, repeating the proof of Lemma [6.11 we get that e L^/^((0,T) x dfl). Now, we 
can apply Theorem 13.91 (with m(w) — M{v), y — {t,x), dwy{v) — Is^ \n{x) ■ v\dv, 0„ = 7+/n 
and dv{y) = daxdt), which says that for every e > there is A ~ C {0,T) x dil such that 
meas ((0, T) x dn\A) < e and 



1+fn^l+f weakly in L^(A x 



In the case v > since we already know the a.e. convergence, this convergence is in fact strong 
in L^{A X R^). There is no difficulty in passing to the limit in the boundary condition so that / 
satisfies (jl.ip and / satisfies the same physical estimate (|6.9p thanks to the convexity argument of 
Theorem [2?5l O 



Remark 6.3 For the Boltzmann equation and the FPB equation, as well as for the VP system 
and the VPFP system when the Poisson equation i6.2\) is provided with Neumann condition, we 
can prove the additional a priori estimate i2. 3\) on the trace function. As a consequence, we may 
also establish the a priori physical bound i6.8\) for a time and position dependent wall temperature 
Q = Q{t,x) which satisfies 

< Go < Q{t,x) < Gi < 00. 

Therefore, the stability result and the corresponding existence result can be generalized to these kind 
of boundary conditions. We refer to fSf and \56f for more details. 

Remark 6.4 Consider the general reflection operator 

(6.15) n<p= I k{v,v')4,{v')v' ■n{x)dv' 

J v' >0 

where the measurable function k satisfies the usual non-negative, normalization and reciprocity 
conditions 

(6.16) fc > 0, / k{v,v')dv^l, TZM^M, 

J v-n{x) <0 
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where M is the normalized Maxwellian hl.3\] . For that reflection operator \6.15\l . we can prove 
that a solution f to equations (KT^-(6^-(T^ formally satisfies the a priori physical estimate 
l6.8\) - ![673\} with £ replaced by 

EMIM):= I [h{U ~h(^)\Mv ■u{x)dv. 

By Jensen inequality one can prove that £k is non-negative, see l-iOj , \30^ . \43^ . However, we do 
not know whether our analysis can be adapted to this general kernel. Nevertheless, considering a 
sequence (fn) of solutions which satisfies the uniform interior estimate in {6.14-^ , we can pass to 
the limit in il.l]) with the help of Theorem 15. Jl or Theorem \5.2\ and of Provosition \3.5\ A. and we 
get that the limit function f is a solution which trace 7/ satisfies the boundary inequality condition 
\1.1U\) . That extends and generalizes previous results known for the Boltzmann equation, see for 
instance Jf, JMI, Hf. 



A Appendix: More about the renormalized convergence 

We come back to the notion of renormalized convergence and mainly discuss its relationship with 
the biting-L^ weak convergence. 

Remark A.l 1. Hypothesis ip G ^°(^) *^ Theorem \3. 7| (and is fundamental, since for 

example, the sequence (ipn) defined by ipn — ''P = +00 Vn does converge in the renormalized sense 
to ip, but (ipn) does not converge (and none of its subsequence!) in the biting L^-weak sense. 

2. The (asymptotically) boundedness of {ipn) in does not guarantee that {ipn) satisfies, up to 
the extraction of a subsequence, iS. 3\) or Ii3.4\ l. An instructive example is the following: we define 
u{y) = 1/y onY — [0, 1] that we extend by l-periodicity to R, and we set ipn{y) = u{ny) for y £ Y. 
Therefore, (ipn) is obviously bounded in L°'{Y) for all a € [0, 1) and converges to ip = +00 in the 
renormalized sense. 

Proposition A. 2 1. There exists {(pn) which r-converges but does not b-converges. 

2. There exists (0„) which b-converges but does not r-converges. 

3. Given a sequence {(pn), the property 

(A.l) for any sub-sequence {<pn') there exists a sub-sequence {(pn") of {(pn') such that (pn"^—^(p 

does not imply (pn^(p, where ^ denotes either the b-convergence or the r-convergence As a con- 
sequence, the b-convergence and the r-convergence are not associated to any Hausdorff (separated) 
topological structure. 

Proof of Proposition \A.2\ Points 1 & 3. Let {(pn) be the sequence defined by </)„ = (pp^k — 
P l[fc/p.(fc+i)/p] where p € N*, < fc < p — 1 and n = 1 + 2 + ... + p + fc. Then (0„) is bounded in 
and clearly r-converges to 0, but does not b-converge. Moreover, for any subsequence {(pn') we 
can find a second subsequence {(pn") such that (pn" b-converges to 0. 
Points 2 &: 3. Consider fiy — ^ and Vy — v two Young measures on y = [Oil] such that 

z n{dz) ^ / zi'(dz) G 

TM{z)ti{dz)^ [ TM{z)v{dz) VAf>0, 



and define (u„) (resp. a sequence of functions tassociated to fi (resp. v), such that for 

any / G C(R) 

f{un) ^ .f ■= f{z)tJ-y{dz) (resp. /(«„) f := / f{z)vy{dz)), 
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see [531 Theorem 5], Then define (0„) by setting (/)2„ = u„, 4>2n+i — Vn- In such a way, we 
have exhibited a sequence which does not r-converge (for instance does not (rM)-i'enormaUzed 
converge) but converges to in the weak sense, and thus b-converges to (j). Moreover, for any 
sub-sequence {(pn'), there exists a second sub-sequence {4>n") which either converges to Tm (if {"■'} 
contain an infinity of even integer numbers) or to Tm (if {n'} contain an infinity of odd integer 
numbers). Because T^/ (j) and Tm when M oo, in both case (pn" r-converges to and 
(|XT|) holds. O 
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